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P U O CE M I U M. , • , ; 

• , • 

Ante biennium fere, cum theoriam iunciionum ellipticarum ac- 
curatius examinare placuit, incidi in quaestiones quasdam gravis- 
simas, quae et theoriae illi novam faciem creare, et universam 
, artem analyticam insigniter promovere videbantur. Quibus ad 

f » • 

exitum felicem et propter difficultatem rei \ix expectatum |»er- 
ductis, prima earum momenta breviter et sine demonstratio- 
' , ne, mox cum vehementius illa , desiderari, et invento novo vix 
fidem tribui videretur, addita demonstratione, cum Geometris • 

- communicavi. Urgebar simul, ut systema completum quaestio- 
num a me susceptaruni in publicum ederem. Cui desiderio ut ex 
parte saltem satisfacerem, fundamenta, quibus' quaestiones meae 

superstructae sunt, in publicum edere constitui. Quae fundamenta 
*' • . 
nova theoriae functionum ellipticarum iam indulgentiae (^nmetra- 

rum commendamus. _ ' ■ 

n * 
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■ Ut a typographorum mendis, quantum fieri potuit, mundus 
evaderet liber, Cl. Scherk curare voluit, cui ea de re valde me 
obstrictum esse’ proCteor. Quae emendanda restant, ad calcem 
adiecta sunt . \ 


Sorilieliam m. Fehr. a. 1829 
’’ ail Univ. Regtnin 
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TRANSFORMATIONE FUNCTIONUM ELLIPTICARUM. 


i . - 1 - • 

EXPOSITIO PROBLEMATIS GENERALIS DE TRANSFORMATIONE. 

• ■ 1 . \ ■ 

> < t • . ■ 

Intrgnlia maxime memorabilia , quae Formula exhil»entnry ^ '^' , et quae Fune- 

• \ 
tionum Ellipticarum, quae dicuntur, primam s|>eciem 'constituunt, ab Argumento ilii- 

plice pendent, et ab Amplitudine $ et a Modulo k. Eiusmodi functionis inter se compa- 
ratis yaloribus, quos illa pro dircrsis .\mplitudinibus obtinet, eodem manente Modulo, 
egregia multa detexerant Analystae, quae Additionem eorum et Multiplicationem .spectant. 
Quam nuper ridimus quaestionem a Cl. in Commentatione, nostra laude macore, mi- 

rum in modum prorectam esse (V. Crelle Journal (ur reinc und angewandic Mathern.'!- 
tik V. II.). 

AL'a est quaestio nec minoris momenti — imme sensu latissimo capta illam invol- 
rens — de comparatione Functionum Ellipticarum pro Mothiiis instituenda diversis. 
Onam quaestionem post praeclara inventa CI* Xa^c/idrc — Theoriae Functionum Ellipti- 
carum Conditoris — ad principia certa nos primi revocavimus, eiusi|uc solutionedi dedi- 
mus generalem (V. Attronomiitha Nachrichten A. 1827. No. t23. 127). Hanc no.stram de 
Transformatione Theoriam et quae alia inde in Analysin Functionum Ellipticarum redun- 
dant, iam fusius exponemus. 
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Problenia, (juotl iiobis proponimn.s, generale hoc est: 

„ Quaeritur Functio rationali* y elementi x ejutmodi, ut siti 


d y ___ d X 



8 


siquidem p sit numerus (bmiM S* 8 ^ ( 2 ni+l)'. - lam Tequeutibus pndjabilnr, id^mra- 
lerr, quicunque eit p numerue, 

PRINCiriA TRANSFORMATIONIS. 

3. 

ri ;'•«>* , .duJ«! 'j Ili. . . > u 

Designentur per U, V fuiKitiones rationales integrae elementi x ; sit porro y =— ; fit ; 

£y VdU— UJV 

v'' A+B-j+Cy + Oy+E/y* 
lireritatis causa jiosito: 

' Y = A'V«+Brv»04'CV»U»+I>'VU*+l.'U*. 

VdU — UdV ' ♦<' *-r •«* ’ •' + 

Fractionem in (bmiam simpliciorem redigere licet, quoties Y factores duplices 

habet; quin adeo, ubi praeter quatnor fiictores lineares inter se dirersos e reliquorum nu- 
mero bini inter se aequales existunt, fractio illa sponte in Differentiale Functionis Ellipti- 
cae redit — — , designante U functionem elementi x rationalem. 

Quem accuratius examinemus casum ac videamus, quot et quales sibi poscat Conditiones. 

Sint functiones U, V altera p**, altera m*‘ ordiuis, ita ut m^pt^erit T ( 4 p)** or- 
dinis. laiii ut, quatuor factoribus linearibus exceptis, e reliquis functionis Y factoribus, 
quorum est numerus 4 p — 4, bini inter se aequales evadant, (2 p — 2 ) Conditionibus 
satisfaciendum erit. Quot enim fiinctio proposita duplices habere debet factores lineares, 
tot inter Coefficientes eius intercedere debent Aequalione.s Conililionales. 

At functionibus U, V Quantitates Constantes Indeterminatae insunt in - 4 - p - 4 - 2 , 
.seu potius m- 4 -p-t-l, quippe e quarum numero unam aliquam =1 ponere licet. Qua- 
rum igitur numero vel aequatur numerus Couditionnm 2 p — 2 vel ab eo superatur , modn 
supponatur, m esse aliquem e numerisp — S, p — 2, p — t, p, quibus casibus numerus 
Indeterminatarum fit resp. 2 p — 2 , 2 p — 1, tp, 2 p-f-l- Duos priores casus reiicien- 
dos esse cum infra demonstrabitur, tum hunc in moiluni patet. IVami|oe inventis functio- 
nibus U, V, quae functioni 1' formam illam praescriptam conciliant, niti loco x sulistitui- 
tnrfli- 4 -/ 3 x, neque ordo mutatur functionum li, V, Y, neque numerus factorum dupli- 
cium functioitis Y: unde in solutionem inventam statim duas Quantitates Arbitrarias in- 

A 2 


Digitized by Googie 


iinni licet. ' lhM|ue uumeras ladeternunataraiii nameram OoBditioaam duLos saltam uni- 
tatibus su[>erere debet , unde casus mac=p — S, m=p — 2 reiicMndi annt. Porro videmus, 

loco X |iosito tertium casum ad quartum reduci el quartum miuime matari, (juo 

igitur casu Indeterminatarum tres et arbitrariae manent et manere de)>ent. 

lara igitur evictum est, quantum quidem e numero Indeterminatarum et numero- 
Conditionum inter se comparatis concludere licet, quicunqut sit p numsrus, formam : 

a -t- a . + -t- ... -t- s*»**!»* 

• l + b'i+bV + . . . + 1 

ita determinari posse , ut sit i r- 

d y d I 

A +B'y + CV4-Dy>+Ery* A+Ba+Ci' + Da> +Ea* 

designante M functionem rationalem ipsius x ; imo solutionem tres Quantitate* Arbi- 
trarias involvere posse. » 

4 . 


Ut determinetur iiinctio illa 31, sit T = (A-f- Bx-|-Cx’-t-Dx*-|-Ejt‘) TT, 
signante T functionem elementi x integram rationalem : erit 


Maa=- 

V 


au 

di 



d V * 
ds 


ile- 


Ipsa T erit ordinis (2p — 2)** ; nec maioris esse (>otest V ‘^*‘^*“* *1“*' 

busdam constat, scUicet ubi numeros p formam illam habet 2* (2n-t-l)’, M adeo 

heri Constantem. Idem generaliter probabitur secjuentibus , quicnnque sit p numerus. 

Functiones U, V supponere possumus factorem communem non ha)>ere; adiecto 
enim factore communi, fractio mutatur. lUsolvamus expressionem 


A'+BV+Cj,».t.DV«+Er,« 
in factores lineares, ita nt sit: 

A ’+ B-y 4-Cy* + Uy’ + fcy« A' . (t - ■ y) . (I - HTy) (l _ ,» (l - »-y) , 

unde etiam: 

y=A'v«.frv'U.fC'V'U*+D^u»+E'u»«oA'(v_ti'U) (v_flru)(v_vu)(V— >ii). 
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lani exislen; oon {>otest lTOt«»r,* <{ai <|n8ntitatilH» V — «U, V — jffU, V — >'U, 

V — b'U vel oniuihus vel imo duabus ‘tautnm ex earum numero communis sit ; idem enim 
et V el U simul metiretur, quas fiictorem communem non hal>ere supposuimijs. Itaque ubi 
factor aliquis linearis functionem T Lis metitur, idem unam aliquam e quanthatibns V — «U, 

V — 0V , V — yU , V — J'U et ipsam Lis metiatur necesse est. 


lam notentur aequationes sequentes: 


dU 

-1(V— -U) „ 

dU 


da 

dl 

da 

dU 


dU 

-"S 

da 

d. 

dt 

dU 

d(v-VU) 

dU 

-ull 

da 

dx 

dt 

da 

dU 

da 

dl 

dU 

da 




e quibus sequitur , factorem qui unam aliquam e qnantitatilins V — «U , V — BV , V — VU, 

V — VU Lis ideoque etiam eius differentiale metiatur , euudem metiri expressionem 

V Productum vero ex omnibus istis factoribus, ipsam etiam T bis metienti- 

bus, conflatum posuimus =T, unde T ipsam V^’ — metietur. At T inferioris or- 
dinis non est quam ipsa Y ^ ^ ^ > unde videmus 


M = 


di di 


abire in Constantem. 


Ceterum adnotemus, ubi functionum U, V altera inferioris ordinis foisset quam 
dU d V * 

(p — l)'*, ipsam etiam V— — inferioris ordinis fni-sse quam T, qnae tamen ittam 
metiri debet; quod cum alisurdum sit, reiici debebant casus m=:p — 2, m=p — S. 


lam igitur demonstratum est, formem t < 



+ b'w,» ' 
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quUunque lit num$nu p, ito dotorminan pone,' ut prodeat: 

ij • <>» 

^ A;+B'y+Cy*+D'y’+E'y* A+Bi-f C»« + 1>»*+Ei* 

Quod e$t Principium in Theoria Traneformationum Functionum stipticarum Funda- 
mentale- ' 

proponitur expressio ;p=====|:==^ IN FORMAM 

SIMPLICIOREM REDIGENDA 

5. 

Triam Constantium Arbitrariarum ope, quas solutionem Problematis nostri od- 
milteri ridimus, expressio A-+-Bx^-Cx*-t-Dx'-t-Kx’ in simpliciorem redigi potest hanc: 

x’)(l k*x*). Ut hoc et reliqua, quae modo demonstrata sunt , exemplis etiam 

monstrentur, propositum sit , datam expressionem : 

facta substitutione: 

_i + »E+R''*' 

^~b+b'x+bV 

in simpUciorem transformare hanc: 

» 

m/ 

Ouaeritur de substitutione adhibenda, de Modulo k et de factore Constante M e datis 
quantitatibus •, 0 , 7, S determinandis. ' ^ 

. Ponatur a-Ha'x-+-aV = U, b-t-b'x^b V = V, y=-^: e principiU modo ex- 

positLs fieri debet: 

(U - « V) (U - 0 V) lU — y V) (U - » V) * K (1 -E*) (1 - k* e') (I + m «)* 0 +0 e)’. 
designante K Constantem aliquam arbitrariam. Hinc ridemus duos e numero factorum 
jt U /3V, U 7V, U — SV, qui erunt secundi ordinis, adeo fieri quadrata. 

Poiiamns igitur : 

U-TV-C<l + mR)* 

U— IVarDCl-f as)*. 
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lam quod reliquos atUuet faclores U — «V, U — j3V, poiii poterit, aut: 

U-.V = A(l->*}, U— 0V = B(1— Ml: ^ 

U-«Vc=A.(l— >)(l-lii), U-4V = B(l-pi)(l4.kt}, •. , . 

desq^iwnlilios A , B, C, QqMntitat» Coottaotes. Prins reiicieodum erit. Prodiret enim 
=y^=-^. sequeaetur, elemento x in — x mutato j immutatum 

manere, quod absurdum esse patet ex aequatiouibus: 

U — «V y — « A I— k* 

u— yV “ y-y “ B ’ (! + m.)> 

U — »V y — • A 1 — k> 

U — JV “737“ D + ■ 

Poni igitur dabct: 

1) O — «V = A(I — .).(l-ki) 
t) u-av=B(t+.)..(i+k.) ‘ 

8) u— rV-C(l+mi)* 

4) U-»V=D(l+o.)’.' 

Adnolare couTenit, e Constantibus A, B, C, D unam aliquam ex arbitrio determinari 
posse. 

a 

Videmus ex aequatione l), et posito x = l et posito x = — U=aV. Hinc ex 
aequatione : 

• o_yV c d+o»)* 
u-av “ B ■(i+.)(i-fk.)’ 

posito x = l, prodit: 

■»-7 C (1 + m)* ^ 

—a ~T‘ f(i+k) ‘ 

posito x=Y' 



unde: 

(iq-Bi)'ak^iq> • 
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Pronut simili modo inveoilnr: 


(i+„)*=k 


hi)'' 


undem = /k, o=— /k. , Neqoe enim aecjuales ponere lk»l m et o ; tum enun exprti^sio 
ideoque ip*« y abiret in Coortaotem. 

lam in aequatione: 


U— rV 


r-r 


v-iv j-i 

ponatur primum x = -k- 1 , quo casu U = • V ; deinde x = — 1 , quo casu l =S \ : 
prodeunt duae aequationes sequentes:. 


- u—y C 1 

\l+V^I ' 

• . • • m-i 1) 1 

ll-VTii 

fi—y C 


fl-J D 

It + Vk| 

Ouilms in se ductis aequationibus, 

fit; 


■y) (fl-y) 


unde pouere licet: 

c-v (--• r)0»-7) ' . ' 

D = / («— JM( 3 — i; i 

nam e quantitatibus A, B, C, D una ex arbitrio determinari poterat. 
Ex iisdem aequationibus, altera pr alteram divisa, obtiiiemu.s: 
i+vk y'(„-y)</i-7r 


unde; 


— t) w — *) + ^ («— t) 

Adnotetnr adbuc formula : 

^ 4 ^ («— T)(0 — — 4 ~ («— *) 'P — V) 
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0 


unde ; 


-i ' ^'- -'.- '! -■ 

' («-ir> »-J| -y (— »J Cfl -yi 



Ul Cooslaiiies A, £, iMiBiairfari btiifhro, ex ae(^aatioAiba« t),. i), s), potito x~- * ^ 
(juo facto U=8V, emi: ' ■.* 


•»1h 






»— a 

■nT" 


Bfl + V\) 




unde: 


(«— T)(b— lr>^ 


i 

^ W— r)W-l) 

O — 


•-Jjtfl-T) 


(• i :-■ . 

E principiis gcneraUbus tupra a nobiS staluiilis sequitur, in exemplo nostro expret- 
tionem V-^ — ^4 t prodacto (i -t- /kx) (t' — »/kx) in quantitatem con- 
stantem ducto, quod ita facio calculo comproliatiir. ■ > -h . 


Fit, uti erplntione ftcta constat: , 

dU dV\ d(\' — )Ui 

— r , — 

Nacti autem sumus : . 




d|V-Tti) 

d « . .li^ ■ , y 


V--rU=iC(t + V\.x)* T 


unde: 


d(V_7Ul 


dCV — »U) 


= *C(t+V\..)V^ 


r_*D(t — yek.i)y^ 




■ It- ’ 

' i >r i 


’ . ; ( t- > , 

B 
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Uu<If |>ro<lil ; 

( 7 -*)^vlHi-u 4 ^j = - 4 y-|i,c»{i+v'W..Hi— l.L_iWy- I 

\ dt di/ ‘ '■>•/ f 

His ofiinilws rile collectis, obtinemus; 

dy — 4V"k _ / - d« 


/ f. 


nude : 
M> 

unde ; 


—4Vk / ^Cl) ‘ dw ^ ^ • > 

/" _U_«)(y— «)(,— , V /" (1 - (1 k’ l>) ’/ , I. , • | 

' ,V’ - I !.-i 


- 4 V^ 


cu -• j_zt 

_ — y)(3 — i 

^1 + -,+ i H . . 


dy 


d t •> _ • ' 


/' _(v_«)l,_<3)(y_,)(y-J; MV (l-.’)(l-k»0 

>• d I 


(«— t)W — ^ +V^ («— TT) 1 * / V" («— Tr)^ — ^ — 7 ) 


l-B. 


- T . y — ~ j ( * 


(« — ?j (»3 — 7 ) j* 


Posito (> — y).(/8— 8)=G, (• — i)(5 — 7) = G', fit; 

d s ds 


M./(._s-)(i_k.o (W- 

. , 1 ./ . ..i;- • j-.. / ■ .'< I :i 'i'-* - .* ! I j. ( • I , ; i"! I { 


G'=on, sjtjiorf9j | ^ .• .,. I 

•• ••’■ > • — ! .■■. !• !•: ali . 1 . 11 . 1 ' 

' I > • •.! ’ ■ •. 1 itij , )i i 


m' = — (m + n) , n' = m 4 .. 




erit , posito x = Sin ^ : 


. J ♦ M ' 


dl 


d^ 


► m .J;«c I».«r ^ 

- _ / ' 


M^"(l — 1*) (l — li’ i’) ^ nrm" Coi ^>*+n"n'' 2 ho ^ ^ I i 

(Vteruni valor ipsiiu x facillime computatur ope formulae:' ^ ^ 

V (■ — i)W — i) 'V y — 7 ’ J y fr ., v+ !' 1 I -Z-Ljl i 


ubi ; 


V'g- 4 -V'g V - - - — 
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. » ^ ' • 8 , 

! / 1 ; i! / I 

Quantitates «, >, > in formalis projjositis ex arbitrio inter se permutare licet. 

Quod ia arbitrio nostro positum certum fit ac definitum, simulae conditio addatur, ut, 
siquidem fieri possit, U&nsformatio per substitutionem realem succedat. Id<quod acen- 
ratius examinemur. \ * 

Ponamus, quantitates a, B, y, ^ reales esse omnes; sil poiro a>3>>>&, ita ut 

•—5» • — '>'» «l“““‘*‘ates positivae.^, lam distinguendum erit pro limitibus, in- 
ter quos valor nrgunieuti y loutiuetur : — ^ ' 

I) I *l 1. *; y ft et J. 


1 ■ 

non nisi casu 


Casu postremo transitum ab*, ad ^ per jiifiuimiii fiyri puto. Expressioiiem ■* iJ 

iiofi nisi casu secundo el t|uar(o, ^ 

primo et tertio roalem fieri videinus. ~ SubsUtnU'ones reales, quae quatnor illis casibus re- 
spondent, Tabula I. indicabit. Deinde Tabula II. formulas amplectamur, quae expres- 

P®' substitutionem realem in simpUeiorom transformandae in- 
serviunt, pro limitibus , inter quos valor argumenti j continetur : 

1} — ao el 7 . I) 7 eia. S) flet», 4) acl^ 00 . 

Quas formulas dividendo per l ac tum ponendo 6o feeilee Tabula 1. derivare licet. 
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TABULA ]L . 
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■ ■ j .1 ;i ■ 

‘ .V 

» » 1- ■ 
dx 

* ■■ y (r- 



y 

LsL 



■—7 + V ~ "—Ii * ‘ ! 


m ^ 

■ ;* 

‘ t . , 

• 


7 '— y»— 


'«s 

t 

Limites m .... 

-♦-00; 

L_N. Y «-fl ,A'=t 
L+N. “V «-Y V y-fl 

Limite.s y . 

. B: 

I P" 

1 

z 
1 ** 

II 

*^+”* VlTTaK-- 7) 



B. 


dl 


/-(r— )(y-rt(y— r) / 1-»’ /trrW’ 




. t.' 


■i -N=^ 


m—y — V 


' i ^ C 5 i * i ■ 


I rimitM 6 ■ V'(>‘—yW—-t) 

I, uunutet R yt r 0. > I..,* . i .11 


L+ifr 

1)».. i .(il liiiJ 'it*T|in«w 


V y-T 

'Mt- ■ 


- I- — Ni ^ /^a — 7 f Q — y 

11 . Limite . -00 ... r- L+Nr=V 5=7 V ~- 
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9. 

In (ormuliii hisce pro limitilius auignatis 'simul x a — 1 usque nil 1 atque y ah 
allero limite ad alterum transit. Limitilms autem, qui formulis 1 et II respondent , inter 

se rommutalis , expressioni Tidemu» valore» imaginarium creari formae + i K , po- 

sito i = i/ — 1, ac designante R quantitatem aliquam realem ; ipsi x autem conciliari for- 

“ iV % 

i.e'^ j t— N. 

mam-j^=-^; undej;^--- 


t+ 


,i^ 


1 $ 

e" * q- e • 


9 

itaiig-j-. 




Formam, ad quam hac occasione delati sumus, x = in expressione 
substituamus. Frodit: " , • / 

5 e* ^ d ^ 


(t ( 


d<> 




dO 


df 


Z' l_*kcoi*?)-t-kk yT (t — k)*c0J?>*-HI -f k)’ >m«* 

Quae nobis quidem substitutio satis memorabilis esse ridetur. E i|ua etiam generalior for- 
mula fluit sequens , ponendo x=siml>: 

k ^ fin *** d (co« t n ^ + i «inS nfl) dl^ v 

Z" l_k’.inlV’ Z' 1— tkcoitfKt-kk 

unde pro limitibus o et ir obtinetur, evanescente parte imaginaria; 


ir w ic 

k"iio»V*“d4' co»#n^>d() ^ ^ eoi i 

,/ Z^ t— k*«iolV* ,/ Z" 1 — fkco.f?>-t-kk ,/ z* I— *t 




COI ^ k k 

quae est demonstratio succincta formulae memorabilis a Cl. Legendre prodiCae. E Ta- 
bulis I et II duas alias derivare 'licet sequentes, commutatis limitibus, inter quos valor 

L«*^ 

ipsius }' continetur , ac posito x == — • Pro limitilius assignatis angulus $ inde a 

g us(|ue ad ir crescit, dum _y ab allero limite ad alterum transit. 
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A. . . 

/ 0— )(r-fl)(y.— 

■" = V"(«— t) 0»— J)(«-^i3)(-r— I) 

I. Limites y ... S: 

II. Limites a ... & : 


t 




• I * 


djr. ■ - _ . — - <lp 1,- 

• — (y — «Hy — ft6' — ■yJtr — *)' nimeo>9’+nn>in^’ * 

I 

“■=y(«— y)C3— >K«— i)0>— r) 


I. 

II. 


Limites & ... y: 
Limites 0 . . . ■; 
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TABULA IV.i 


A. 


V ij 




/ (r — «Ky— «(y— ») «noico««)’+nn.iii«l’ 

i'«— r)(«— fl) 


j« A « — /3 f T — t 

1. Lunile» . 6: ‘«y^V V A^ 


_ ♦ V y~* 

II. LinulFsa H*! y 


V^(« — W(“— !■) 


B. 


Jy 


i<p 


— — yT mmcoi?>’+nn»in^* 

t 

tn = y~(« — “r) " ' 


/' K-r p-y 

n = 5 

... _ . ^ iT («— ‘r)Cfl— tJ 

I. LiiuitM — oo...>: i«Y‘“ r * ~ 

r r 

o ♦ ^ /" *~i f 

II. Limile^i B . . • •: ‘’«Y”V l 


i I 
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Fusius hanc quaestionem tnctarimns, nt misit exemplum elaboratum. Restant 
adhuc casus, quibus quantitatum <s, /8, y, i rei duae vel quatuor imaginariae snnt. (;a- 
sns prior et ipse solutionem realem admittit, quae tamen specie imaginarii laborat. Ca- 
sus posterior einsmodi solutionem realem omnino non admittit. Quare nt omnia ad rea- 
lia rerocentur, novis transformationiltus opus erit, unde concinnitas formularum perit. 
Cui igitur ({uaestioni supersedemus. 

SuKstitutioni propositae alia respondet, eius inversa, formae 
»-F»'y+«'r 

quae et ipsa formulas elegantLssimas suppeditat. Cum vero fortasse iam nimis diu huic 
quaestioni immorari videamur^ eius investigationem .nd aliam occasionem relegamus. Re- 
vertimur ad (|uaestioues generales. ■ * . 


DE TRANSFORMATIONE EXPRESSIONIS 
ALIAM EIUS SIMILEM 




^ I— 

dx 


IN 


Jl V I — x' / 1 — k’x’ 


10 . 


^Vidimu.^, datam expres-sionem: 
<l> 


A'+By-J-Cy + 1)'^' + ET) • 

per substitutionem adhibitam huiu.smndi; 

* + + U 

^”b-t-b'.+bV+....+t,(e),P 

quicunque sit numerus p, in aliam eius similem transformari posse: 


A4.Bi + Cs’-fUs’-t-£>* 


Riusmodi substitutio cum a datis CoeificienlilHis A’, U', C', D', E' j>endel, tuni 
vero maxime a numero p , quippe qui exponentem designat «bgaitatis summae , quae in 
functionibus rationalibus U, V invenitor. Quamobrem iu sequentiltw dicemus, eius- 

C 
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modi .substitutibnein s. traDsibrmationem p‘‘ ordinis osse s. ad p‘“'" ordinem sive simpli- 
cius ad numerum p pertinere. 

lam iudolem harum suhslilutionuiu accuratius examinaturi, nuMam iaciamus for- 
mam illam complexiorem : 

dy , 

Z' A + By4-C)’-hUy>+K,« ■ 

ac quaeramus de simpliciori hac 4****“ illam revocari posse et vi- 

dimus et notum est , iu aliam eius similem ' 


traiisibrmuiida. 


m/" 1—1» Z" i_ 

Quaestionis propositae natura rite perpensa, proLJcWti satisfieri invenitur, siqui- 
dem fuuctionumU, V altera impar, altera par esse statuatur, id quod iam exempla in- 
nuunt ab Aualjstis hactenus explorata. Qua in re maxime distingnendum erit inter ca- 
sum, quo imparis functionis ordo paria ordine minor et cum quo maior est paris ordiue; 
sive inter casam quo transformatio ad numerum parem et cum quo ad numerum im- 
parem pertinet. 

Iam igitur primum probemus, transformationem succedere adhibita substitutione 
ordinis paris seu formae; 

. u 


* ' * . 

Hic functiones V-+-U, V — U, V-t-XU, V — XU et ipsae erunt ordinis paris, 

unde ponamus: 

1) V+U = (M-.)(t-|-k.)AA 
tj V — 0 = {t— «)(l — k»)BB 
S) V+\U=CC 

♦) V_*.U=DD( I 

designantilius A , B, C, D functiones elementi x ratiouales integras. Quibas aequationi- 
bus simulae satisfactam erit, eruetur, uti probavimus: 

Jy dx 

- Z" l-j* 1-X.»y MZ^iHT" /■ l_k'i' 

Mutato X in — x cnm U in — U abeat, V antem non mutetur, ex aequationibas l), s) 
reliquae 2), 4) sponte fluunt. Ut aequationibus l), 8) satisfiat, V X U ni vicibus, 
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V-*-U (m — l) vicibus duos inter se aequales habere deijet lactores linkres; insuper ipsi 
V-4-U etiam fector 1-fx assignari debet. Quae omnia Aequationes Conditioiiales sibi 
poscunt numero m-f-ih — l-f-l= 2m, qui et ipse est numerus Indetenninatarum 

a, a, . . . a(*— *); b', b", Unde problema propositum est determinatum. 

» 

Stcundo looo probemus, succedere etiam transformationem. , adhibita substitu- 
tione huinsmodi : 

_ X (a -f-'»' »*■+«" ... q- s*”* i* “*) _ U 

^ (-b‘“’t’“ '' ’ 

quae ad numerum im}>arem pertinet. Hic V-t-U, V— U, V-»-XU, V — X.U et ipsae 
sunt imparis ordiuis, unde ponamus: 

1) vq.u<=(t-f.<;AA 
*) V — U = (1_,)BB 
S) V+AU = (t-t-ki)CC ‘ 

4) V — AU=(l-ki)DD. 

Hic quoque solummodo aequationibus l), $) satisfacienduiii erit, quippe e quifjus mu- 
tando x in — X duae reliquae sponte manant. Ut illis satisfiat, etV-i-U, et V-j-XU sin- 
gulae m vicibus duos inter se aequales habeant factores lineares necesse est, quem in finem 
2m Aequationilms Couditionalibus satisfaciendum erit, quibus una accedit, ut insuper 
' -t-U nanciscatur (i -t-x) factorem. Hinc numerum Aequationum Conditionalinm esse vi- 
demus 2m-t-l, qui et ipse est numeruslndeterminatnrum a, a', a", ,.a(®); 1/, b", ...l>(">); 
unde et hoc casu determinatum est problema. 

' 11 . 

Designentur per U', V' functiones elementi y integrae rationales eioamodi, ut 
L" 

posito z = -^, eruatur:’ 

6y 

1 — 1— M'»^ 1 — }’ ^ 1 — A’y' 

Sit ea, quae adhibita est, substitutio z = ordini.s p'*'; ac jier aliam substitutionem 

C 2 
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y=-^, (ilesignautibu» U , V, utsiqtra, (ajictione» elem«ati x ratiooalus integras,) quaesii 
on)ii)Lsji“, eruatur, ut supra: 

d y d X 

/" 1 — y' /" 1— X*y’ m/” 1— i’ Z' t- k' i' 

lau sulistituto ralore^=-^ in expressione z=-^, uascalurz=^: erit uua illa sulistitu- 
lio z=^, (jua adliibita eruitur: 

d s d 1 

Z*! — 1* |Zl — ju* I* M M'Z^ 1 — *• ^ 1 — k* i" 

onliiiis (pp')“. Ita videmus, e pluriJjus transformatiouilius , (juac resp. ad numeros p, p', 
p", . . . pertinent, successive adhibitis, unam componi posse, quae ad numerum pp'p* ■ • • 
pertinet. Nec non vice versfi , quo<I tamen in praesentiarum non probabimus , transforma- 
tionem, ({uae ad numerum aliquem compositum pp'p' ■ ■ pertinet, senq>er ex aliis suc- 
cessive adhibitis componere licet, quae resp. ad numeros p, p', p". . pertinent. Ouamobrem 
eas tantummodo investigari oportet transformationes , quae ad numerum pertineant primum, 
quippe e quibus cunctas componere licet reliquas, lam igitur in sequentibus missum la- 
ciamus casum primum, qui ordinem transformationis parem spectat, (juippe (|uem sem- 
per componere licet e transformatione imparis ordinis et transformatione, quae ad nume- 
rum 2 perlinet, identidem, ubi opus erit, repetita. Casum secundum autem seu transfor- 
mationes imparis ordinis iam propius examinemus. 

12 . 

Videmus eu casu functiones duas, alteram Y parem 2 m“ ordinis, alteram U impa- 
rem (2m-|- 0“ ordinis ita deteriiiioandas esse, ut sit: 

V + U = {t + i)AA 
V-fXU=(l + l.)CC. 

Iam dico, si quidem ila functiones V , V determinentur , ut loco g posito abeat 

U . 1 V ■ „ , 

in — = aequationes lUas alteram ex altera sponte sequi. 
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PoiMmiu V=^(x‘)j U=xP(x'); ridemus exprv8!>touein y = -^^^y^ loco X po- 


sito — aJure iu 

■ % 




rr, ' ^ (r^-r) ? • -■ 

■ — +' 


ula x*“F^p^j, x * j sunt fauctioMs 7ategrae. (.>nod ■( aequale fiat expressioni 

1 V fl),« . • , . 

— = , sequentes obtinere delivnt aequationes ; 

XF(,*) = pk.*“?.(pLj. 

designante p quantitatem (ionstanteim Ubi in'' his aequationibus rursus ponimus 
loco X nanciscimur: 

■' ' ' ' ' 

(,)uiLus cum prioribus comparatis aequationibus, obtinemus 

a»* uk 


1 


P=t' 


Hinc fit : 


, / .»">+1 
F(o..’“y 


(it). 


(|uarum aei|uationum altera ex altera sequitur. 


lam quoties expre.isio: 

V + U < 

l+« 

(juadratum est functionis elementi x integrae ratioiiabs, idem etiam valebit de aba, (juae 


V + U _ »(0+.F[0 
l + i ! + • 
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ex illa derivatur ponendo loco x ac mnltiplicando per x*”/" Xk*'" — • . Quo £aclo ol>- 

v+u 

tinemns, tiquidem • quadratum tit , functionem: ... 

.• • 






t+k. 

+ _ V-t-kU 

J+k» “ l + k« ■ 


et ipsam quadratum fore. Q. D. E. 


Itaque eo revocatum e»t problema, ut expressio : 

1 +* “ 1 +. • 

Ouadratum reddatur, designante $ (x*) expressionem huiusmodi; 

^(,>)=V = b + k’»’+h' >* + ... • 

Fit autem , jiosito U = x F (x*) = x (a -t- a' x* a" x* -4- ... -4- aC") x*“ ) , cum sit 



lam ad exempla delabimur. 
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PROrONITUR TRANSFORaiATIO TERTII ORDINIS. 

13 .. - 

Sit m = 1 , qui est casus simpiicissimu.s , V= 1 b' x’ , U = x (a a' x’). 
A = (l-|-ax), enumas: 

A A = (l+«.)*=iq-t, 

unde: _ 

V+U=(l + »'AA = l+(t+*«), + ,(*q.«)^+,>,i. * 

Hinc fit: 

a=riq-t«, 

Aequationes X §12 in sequentes abeunt; ‘ \ ' 


-/ t 4' 


unde obtinemus; i , . • 

.-=^. u»i..=ys 

Aa /T - V a 


Ponatur /’k = u, /\=v, erit«=.^, 1-h8«=-I±*“’ , s(2h-«)= — 
aequatio : 

/S ■ • 


abit in sequentem: 

T+tn» _ u(tvq-T*) 


1) u*— »*q.fuT(I — n’»’j=0. 


Fit praeterea ; 


» = (t+f«) = 


t + 2 u' 


Hinc obtinemus; 

« (T+»B»)T.q.u«.« 

»T+T’o’(»q-fu>)«’ ■ 


Posito 


Hinc 
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Fraftterefl oiilmeinus, cjuift 1-4-y— y 

‘+^“ vt + t'u*(v+*u*).* 


4) I-y = 


(1 — i)(v— a*»)* 

vy ^v’ u’ (v + iu')«’ 


/ 1 — y _ / t — « V — “*■ 
1 +y “V 1 + ' ‘ v + u’« 

6 ) /*i'-yy =• 


l — K«(v* — u"l*) 


l-orro loco x ponendo = cum y «Wat in ^=7~, eruimus M^Hentium for- 

mularum systema: 

^ . (i-t-u*«)g+“vr 

7) y- I 4 .,u»(v + *u>)t* 

(l — — uvt)’ 

8 ) l_.*y= 

/l — T«T /^ 1 — u«« > — uv« , 

®) y l-f.*y ”"V 

r— /'i-o'.’Ci - u* v’ O ' 

10) i + • 

14 . 

Posito V-»-U=:(l -4-x)AA, V- 4 ->.U = (l -f-k)C€, V— U = (i— x)BB, 

V — XU = (t — kx) DI), Tulimus fieri: 

I «tu <iv 1 ... 

abcd=m)v__u_(. 

designante M quantitatem Constantem; quam ex unius eiusdem dignitatis CoeHicieutls com- 
paratione, in utraque expressione ABCD, V instituta , eruere licet. lam 

iKJsito V=b-+-b’x’-4-etc., U=ax-4-a'x‘-t- ctc., in singulis expressionilms A, B, C, D, 

' • • V II •*' 

fit Constans unde in producto cx iis conflato hb; i* expressioue autem v 

Constantem fieri videmus ab; unde: 
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Hinc in exemplo aoslro fit, quia L=l, *+*“* __ u(8t+u’) _ 

M = ^ 1* 

T + *a* u(*T + »*) ■ 

unde ; 

Jy (t + 8n‘)di 

'T (»— yOa— y*) v/“ (i— OCl-u*!*) 

Moduli k, X, quos per aequationem quarti gradus a se invicem pendere vidimus §. 13. 1), 
facile per eandem <|uantitatem « rationaliter exprimuntur. E formulis enim supra 
allatis; 


sequitur: 


* ■ AT “ 


u’ . , «(*+«) 

V 1 + f « 


l-pl- 


u+*«/ 

Fitinsui)er: M=y--^, unde, posito > = sio T, x=.sinT, aequatio; 


V l_y* ✓ 1-X'jr’ MVl-,’/l_k': 


iii se(|uentum abit: 


(I+f»/ — «(*4..)‘sinr’ / l + *« — «'(*+■)•■■ T* 


sire in hanc: 


/ (H.t<.)*c*tr>+a-«)'(i+c.).inr« /* (i+*«)Co.t+(i+«)>(i t> 

ad quam pervenitur substitutione facta: 


^ *) sinT-f" «« »io T* 

l + K{S-f ‘ 
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PROPONITUR TRANSFORMATIO QUINTI ORDINIS. 


15 . 

liini ad exemplum, (jood simplicitate proximum est, tran.seamu.s , in ijuo m = 2, 

V = l+b'»’+b'i*, U = i(»+« 1 ’ + »"«*). A = t + «i + fl*’. ' 

Eruimus: 


unde; 

A A(1 + .)=1 + .(I + + 

Hinc nanciscimur: ^ 

b'c=ac.+Sfl+««, b'«=fl(*<«+(J) 


Aequationrs }{ §. 1 2 fiunt : 



k’ 




Ex his sequitur: 



sire, cum habeatur b^=(2«-t-^)-t-(fl-+-““)> ® — ^(1 -l-2«)-t-(0-t-*a). 


unde : 






Hinc facile sequitur: 

quod evolutum ac per a divisum abit in : 

Hanc ae<|uationem his etiam duobus modis re|>raeseatare licet: 
<«oi+a)(j — »)=(«— *a)(2«+a). 
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ande Mxjuilur: 

U— tfl/ fl(i+t«) ■ 

His prnpparatis, reliqua facile transigunlur. Invenimus eu ira, 


tm + H h" b'b' \ 


/3(*+*«) •»* k u' ’ 


unde eiiara: 

(— ■ 


O—tIi 


A 


Est insuper = unde aequationes; 

V* _ ^ « — «■ tm+H a—„ V* 

tt* — ^ — 

iu aetjueiites aLeunt: 

- f 

tiiT + a‘ = nT«(l*ftgi) 

«•(* — = — Io'). ' 

!liv(l— U v’)=su(t* — B*) ^ 

«(*T + uu)=Su’(t + u>v), ^ 


sive : 


unile: 

(“’+’*) (b* — »*)+4uy(I+b*.)(1_uv>) = 0. 

Facta evolutione proilit: 

I) u*_t* + 5u*v’(“’ — v*)+4ut(l-ii*V») = (): 

Reliqua ita inveniuntur. Ex aeijuationilnis ; 

tav(l — B t’) = u(t»— u*) 

a(BB-f-Tt}c:tB*(14-B’>), ~ '■ 

sequitur; 


b(y« — B«) _ tB*(l + B’T) 

tT(l_B»>) ~ B*>(-V* 


Hinc fit; 




D 


posito k = u*, X = Y*: 
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Su* lu^ / r— u* \ 

fit — 20s=«— I — , , ) 

V V V / 

lliiic tandem deducitur: 


|/=s:/3 + f 


u(u»-fO (t-^u*) 

1 ^ u V * 




lam cuni sil M = — = v iraiisfornialio ijuiuti ordinis contineLitur theore- 

mate setjiiente: 

THEOREMA. 


Posito : 


fit: 


1) u* — »*4-5u’«’(u' — *’)^-4u v(l — u* v*) = 0 

V (v — u‘) I + u> (u’ + V*) (v — »•) »’ + m“ (1 — m*)»‘ . 


t(1 — uv*)<ly ('_u*)J« 

/'rn^ l — m' 1-u'.* 


Digitized-by Google 



QUOMODO TRANSFORMATIONE BIS ADHIBITA PERVENITUR 
AD MULTIPLICATIONE3L 


16 . 

■4- 

loi>|ucieulcin ae<|ualioiies inter u et v, duohas exeuipli» propositi» inventas: 
u‘ + v* + *av(l_u*O = 0 
u* — *“+5u’T*(a’ — T*).p4uv(l — u* v<)=0. 

fugere non potest, immutatas eas manere, ubi v loco u, loco u autem — v ponitur, 
e theoremate exemplo primo inveuto, videlicet |>o&ilo : , ' 

u* — V*4-Suv(l — u’v’;=0 ;n. ■ Im"-. 

+ 

y= ’ 7.' .1. 

fieri : ■ - ' j t 




v+ta’ 


1— r* 1 — V*)’ 

alterum statim derivatur hoc, posito: 

U (a — I T*) y -J- »• y' 
u*+»*v*(u — ' 


1 — •• 1 — u*i* 


fieri : 




«ly 


^ 1— u 

lam vero est: 




V + Su’ W u—*»* \ *(u‘ — »*) + UT(t— u’t*) 




=_s, 



Hinc 


unde ketjuiturr 

d 1 — Sd I 

,, ^[' 1 — i’ yf t — B*»’ 1 — »’ 1 — u’ »’ 

Ut loco — S eruatur -t- 8 , sive z in — z, sive x in — x mutari deliet. 


Simili modo e theoremate, exemplo serunilo proposito, alterum deilueilur, 


licet |X)sito; 

"(a-Sv‘)y+»*(«*+»')(“+v*)y*-f»‘*U+‘»‘v)y* 

* B’(t + «*v) + B*v(tt’+»’)(u + t‘)y’.4-o***(o + »*)y» 


vnlc- 
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so 


d z 


l_t* 1 — U- 


b-4-v* dy 

u(l + u'v)' y''fT7’ 


lam cum sequatur ex aequatione: 

a«_T*+5a*v*(u’ — »’) + 4uv(l — u*\*) = 0, 
(u+v‘)(y — tl») mt( 1 — U«Y«)— (u‘ — y») 

uv(jq-u'y. (I — UT>) «»(t-t-u>y){l — uy') 


fieri videmus: 

<t» ££» 

^ l — u"i* ^ 1 — i’ I — u’«* 

lla transformatione bis adbibita pervenitur ad Multiplicationem. 

Haec duo exempla, vi z. transformationes tertii et quinti oniinis, iam priu.s in lit- 
teris exhiljui, qua.s mense lunio a. 1827 ad CI. Schumacher dedi. V. Nova A.stron. I. I. 
I^ec non ibidem methodi, qua eruta sunt, generalitatem praeilicabom. Alterum biennio 
ante iam a Cl. Legendre inventum erat. 


DE >OTATIONE NOVA FUNCTIONUM ELLIPTICARUM. 

17 . 

» • 

Missis factis quaestionibus elgeljraicis accuratius inquiramus in naturam analyti- 
cam functionum nostrarum. Antea autem notationis modum, cuius in se(|ttentiluis usas 
erit, indicemus necesse est. 

Po.sito / — =u. angulum (P amplitudinem functionis u vocare Geome- 

/ / l_k’.in(P’ 

0 ' 
trae consueverunt. Hunc igitur angulum in se(]uentibus denotabimus per: ampi^ u .seu 

brevius per: 


Ita , ubi 


/ y ~~ 7=='= " 


(^=am.u. 

= n , eril : 


x=sin.am.u. 


l 

\ 

,\ 
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Insuper posito: 


/*• <1. J» 

! */* 1 — •• /* 1 — k’.* ^ 1 — k'<in^* 


•'I .1 ‘ I 


K. 


vocaliimus K — u Complemeutum functionis u; («mplemeuti amplitudinem designabimus 
per eoam, ita ut sit: i 

>m(K — u)Kea*m.u, 

hxpressionem i— k*sio*«Bii=: — jjj — , duce Cl. Legcndre , denotabimus |ier 

Asnitt = ^ 1 — k*<m*«n>u . 

romplcmenlum, quod vocatura U.Legeudre, Moduli k designabo per k', ita ut sit: 


kk+k'k--i. ' 

. -i J.AJ* ■ M’ 

rorro e notatione nostra erit: -i ‘ 


i 


■f-dusJSSns ^ 


J lT l-k-k-M^F* 

• ' " .**-i i 


Modulus, qui subiutelligi debet, ubi opus erit, sive uncis inclusus addetur , sive in uiar- 

*H fli*!' J -• • I * J 

gine adiicietur. Modulo non addito, jin a«|nentibus eundem ubique Modulum k soIh 

intelligas. ' * 

‘i 

Ipsas expressiones sin am u, sin eoam n, cos am . u, cos coam u, A am n, eoam u, 
«■et. ac generaliter fanetionet trigonometrieat am^udinit, iu se«|aetitibus Functionum El- 
lipticarum nomine, insignire convenit ; ita ut ei nomini aliam quandam tribuamus notio- 
nem atque hactenus factum est ab Anaiysds. Ipsam u dicemus Argumentum Functioni* 
Ellipticae , ita ut posito x^sin am Q, u^Arg.sin am x. E notatione proposita erit: 


Mn eoam o s 


C 08 eoAin a i 


- 1 

k* fia im u * 


- e 

: 


» ^ eoam I 


^ am o 
k* 

^ vm n 


t« eoam ■ s I. 

k am u 

k* 

cot|{ Coam u k ■ ■ ■■ . 

colf am ii > 


-- v’r r/ *-. 


r 4 
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formulae in analysi functionum ellipticarum 

' FUNDAMENTALES. 

4 t 

18 . 

Ponamus am.u = a, am.T = b, am(u-*-v)=a, am.(u_v)=.», nolae sunt 
formulae pm additione et subtractione Functionum Ellipticarum fundamentales: 


CO».^ 

A 9 = 
tin 3 = 
co« d =: 


tin t cot b A b tin bcosa^t 

1 — k* tin a* sin b^ 
cot a cot b tin a tin b A a Ab 

1 — k' tin a’ tin b’ 

A a A b — k* tina tin b cot a cot b 


t — > k’ tin a* tin b* 


. 1 


lin a eos b A b — tin b cot a A a 
1 — k' tin a' tin b* . : . . • 
cot a cot b«^ ti o a tin b A a A b 
1 — k’tiaa’ tin b' 

A a A b k* tin a tin b cot a cot b 

1 ~ k* tin a* tin b* 


’ 'Ut in promi u .siul omnia , quorum in po.stemm asus erit , adnolemus adhuc formu- 
las. sequente.s , quae facile demonstrantur, et quarum facile augetur numerus: 


1) no # tin d I 

t) cot ^ + cos ^ = 

S) A r + A a = 

4) tin r — tin ^ 5 

5) cot . ^ cot r • 

fi; A 5 — A r : 

7) tin 9 • tin 3 : 

8) l«k-k’tin7.tio) : 

9) 1 ^ tin 9 . tin 9 : 


t . tin a Cot b A b 
l_k’tina^Mnb' ,, 
t cot a , cot b 
1 « k* tin a* tin 


SAa. Ab 


1 — k* tin a’ tin b’ 
StinbcotaAa 
1 — k*tiii8'ijttb^'’ 
t lin a tin b AaAb 
1 — k’ «in a' . tin b* 
t k’ tin a . «In b cota.cotb 
1 — k’tina^ tin b’ 

tin a ^ — tin b* 

1 — k’tina’siub’ 

A b* -f* «i n a* ■ cot b’ 

1 — k^.tioa*Mnb' 
cot b* tin •* A b* 
l^k*tloa’tinb' 
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-.10) l + «o.,.«,.S = + 


11 ) 1 -f A c . A » s 


1 — k*iiii a* «io b* 

Aa*-|-Ab* 


’ It) l^kMo#«n»s 


l--h* tina* aio b* 

A »*+ b* «io b* co« a* * 
1 — k* sia a* «a b* 


f • 


IS) i-.i co«..*+iiiih»a.» 

1 — k*sia a*stnb* 

14) + 

1 — k* sio a* sio b* 

15) 1 — ^ « A 9 B »*“»*»*+ «in b*con*) 

t' 1 — k« «in Ii* 


16) (1 ± BD r) (1 j; lio 9) 1 

17) (l±uar)(17.in9> > 

18) (l±kuorXll;li»Ia9): 

, j 1 — k’iino'iiob* 

19) (l±kri«,)ClTk«o9)= (^»J:6»inkro„)» 

I— k*»Da*nab’ 

») (l±co.»)(l±eot9)« 


(«ub±iiaailb)’ 

l— k*«n »* sin b* 

(cos »i:«iobA»)* 
1 — k*im s'sinb’ 

(Ab± ksiBocosb)* 


(eosa i: coa b)’ 


*1) (l±coso) (tif coi9) 

•w 

**) (1 ± A ») (1 ± A 9) = 

. ») (1 ± A r) (1 T a 9) = 


(Aa+lbb)’ 


1 — k* sioa* Mo b* 

84) sio r cos 9 = _ »i»»co»»^l> + «iobeosba« • 
1 — k*stDa’siob* 
rin a eos a A b — mii b eos b A a 


t5) sio 9 cos r 

t6) sio 0 ^ A 9 

t7) sio 9 A r 

t^ cos r A 9 


1 — k'sioa*siiib’ 
eos b sio a A a^cosasinbAb 
1— >k*sio a*sinb* 
cos b sto a A a ^ eos a sio b A b 
1— >k'siDa'iin b* 
cos a cos b A a A b — k* k' sio a sio b 
r^k*siaa*siab* 




l«.-k*sin a' siob’ 

^ (•im a A b 7 sin b A a)' 

^ t^k*stna*ain b* h 


.'t • 


1— >k*sina’siob* * 
k«iio* (a^b) 


» , ^ . cosacos bAaAb + k'k'sioasiob 

) cos 9 A a- s I II. — — J, 

I — k’sioa*siab* 


K . 
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SO} tin ~ 

31) -5) = 

52) co.(»-H5) = 

55) COI («- — 5) = 


t^n»cosa£ib — 
l — k*iiiia*Mi> b’ 

Ssin b . C"8 h.^4 
1— k’»iii -4 *iiib’ 

cos siB Ck b* 
l — k’ sin a‘ aio b’ 

cos b* •— sio b*4^a' 
l^k’ sinaSin 


— t . •» -f- 1 


. . i: ! :i 


DK niA(:i\ARIIS FUNCTIONUM KLKirTRAUUM VALORIBUS. 
nUNClPIUM DUPLICIS PEIUODI. 

19 . ' 

Ponamus sio (ji = i tg , ubi i loco \/ — 1 posilun» est more pleristjUf Geometris 

usitato, erit cos (2> = sec iL = — ande d(t= . Hior fit: 

^ MaH* ’ ^ eoav 

dip idil' iillt' 


k*sin<p’ cosip’-f”k'sini}/'* 


^ 1— 'VUsiiilp’ 

Ouam e notalioue nostra in hanc abire videmus aoijuatioiurn : 

1) sin am i u = i lao^ aoi (u, k'). 

Hinc .seijuitur: 

2) cof am (i u, k) s: s^ am (U| k') 

5) taog am fiu, k) =s i sinam (a, L*) 

^ am (u , U) 


4} A am (i u « k) s 
5} sincoatn(tu» k) = 


1 


Cosam(u, k*) no eoam (ii, k') 
1 


i^am(u, U) 


k' 


6) cos eoam (i u , k) = i cos eoam (u, k') 


7 ) tg eoam (i u, k) = -r- ' • 

k sin am (u , k ) 

6) A eoam ^ u, k) s k' sin eoam (u, k*). 

Aliud, (jiiod hinc iluit, formularum systema hoc est: 

9) sis am 2 i K.' = 0 

JO) sin am i K" s= oo , vel ii placel ii it * 
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11) »in am (u«^t i K') = -f- »in ain m 

18 ) iiim(u + »iK'j =*'— o' I 'I ■ • • ! 

1 


III ( ,u /.; / l/.\) . 


14} 8in ajn (u 4* I K*) 


It sitt am'«< 


, . • «,# — “iAainu 


— ik' 


16 ) ig ani (u + i KO = 


atn ii 

+ ! 


■^iii ;i“i IU' a„iiiilii 


. 1 : Iu , 3 ;;:;:. lunrt ttll 
! / / 


^ am u 

17) ^ am (u ^ i K') = — I col^ ani u 'i i' ’ 1 ^ / 

^ am u •* JX-f- 


18) ain eoam (u t Ki*) = 

19) CAacoam(u 4*>K*) s 


kcotaiiiu.Uii^k^ ' 

k eo» am u 


80) tg eoam (u i K‘) ^ A a iii^g *- “• - — 

kJ f * 4 *’ l , ■/,- » y w 

• . i 11 li = i ilfVi ~ .IIB> 1 fl'>l>Min>l 0 | 4 t«ll),IIMi| . 11 ,, l 

K forinuli.s jiraecedeniilius, quae et ipsae laiiiquain ruiitlumeoiales iii Atialysi fnii- 
clioiium ellijiticariini cou-siderari debeui, elucet; * 

)i 11 « , . 1 1" «y.ii.. ; ui!"' 'm ,ui .‘lU,’ . . ' Mliliui) 1.J .yi ,tV *''i- • I*'' 

n. 'functiones eiliptica.s argumenti imaginarii i v", MoiTuli Ic traiiiformari po.ise 

" “‘'ili alias argumenti reali.s v, ModulF k'=v^i_kk ; «"fle gemValiier rmieii,,. 
nes ellipticas argumeuti imaginarii u i v , Moduli k , coinjionere licet e 
functionibus ellipticis argiimeiili u, Mmluii k rt aiii.s argumeuti v Mo- 
duli k‘; 

functiones ellipticas duplici gaudere jieriodoj altera rcali,, *lu>ra imagina- 
ria, siquidem Hlodulus k est realls! Uiraque fit imaginaria,' ubi McmIuIus 
cl ipse 'est imaginafios'.' (,)iiod Principium paplMt Periodi miuciipabimus. 
Equo, cum univers^j, quae fingi pofestj^ ^amplectatur Perimlicitayiii Ana- 
Irticam, claret j functiones ellipticas non aliis aduumerari debere transi en- 
fiimtilHis, quaeq^msdam gaudent elegantiis, tortasw plortlHis illos aut ina 
ioribus, sed speciem (mandam iis inesse profecti el absoluti. 

I’ ;i i . . . ! ■ j.f- 1 ' ,j»i .m- 1 1 | 


h. 


E 2 
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THEORIA ANALYTICA TRANSFORMATIONIS FUNCTIONUM 

ELLIPTICARUM. ^ 

20 . . 

Vidlnius in antecedentibus , quoties functiones elementi x rationales integras \ , B, 
(', D, U, Vita delermiiientur, ut sit: 

V + U = a + I)AA 

V — U = (t-.)BB 
V+;kU = (l+li)CC 

V — ;^U = (t-k.)DD. 

posito y=-y fore: 

dy d» 

1 — / 1 — m/*! — e' 1-k’ 1* 


designante M (juantilatem Constantem. lam expressiones illarum functionum analyticas 
generales piro{)onamus. 

Sit n numeras impar quilibet, sint m, m' numeri integri quilibet positivi seu ne- 
gativi, qui tamen factorem communem non habeant, qui et ipse numerum n metitur: 
ponamus 

m 

M s— ■ ■ I ■' ■■■ • 

D 


fit: 


V *= — k* rio’ am 4 M . 1 1 j — k’ ain" am 8 « . 1 1 j . . 

A= fl + — : + " 

\ sin eoam 4 M / \ smeoamSM / 

B= (t . - ) (l 

^ SIO eoam 4« / \ sto eoam 8 m / 

c = (l+k sin eoam 4*. ■)('+' fio eoam 8 M . . . 

D = — k sin eoam 4 « « — k sin eoam 8 « . ... 


, U 1 

\ sin am8(a — 1)« f 

. ^1 — k' sintam Z(D' — l)«*.xf| 

( ^ sin eoam t (n — 1) « } 

^ sin eoam f (n I) M } 
. ^i-^k sin eoam t(n — 

• — k sin eoam S(n-ol)ii.xj 
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X := k ° |*in coAin 4 m. liiiccnmSa . . 1 . smcoam t(n— 

^ ^ coun 4«iiacoaan Sa tin cAam t 'n — l}«i* 

)an «m 4atin am 8a*...5in am S(o^l)a/ 

<JuUju» positis, ubix=sinama, fity=-^=sinam^'^, xj. 


Aotequam ipsam aggrediamur formularuin demoostrationem 

'if 

nem quaudam indicabimus. Quem in finem sequentes adnotamus 
e formulis §. 18- decnrmnt; 

»in* am u ^ «in* am fli 


1) Mn am (tt «f* a) aia am (u — > a) as • 




ua am u aia' ani a 


► ' /s , “ V 

(l«|-Moani(u4-a)) (l + iin aw(tt^a)) eoam a/ 


5) 

4) 

5) 


C05* aro a ^ 

1 — li * 510* un o 510* aro a 

— smam(u-k-a)) — afaiaro(a»5i^^ 

* / aia am n \* 

V ' 5incoaraa/ 

605*a»a 

i — > k' 510* am u 5in*ama 

(l + kiinani'(«-t->)) (l<fh da »>(■—■)) 

^l^kaSn aro uftin eoam a)’ 

^*ama . 

% . 

1— k* 55o' am a ua* am a 

(1 — kdasm(u-|-B}) (l — kdD«ai(a — «)) 

— kaioamuuDCoaniay 


E quibus formulis etiam sequitur: 




6 ) 

T) 


C05 am (u ^ a) cos am (a — a) 

^ 510 am u 

510* eoam a 

C05*ama # 

1 — k* 5«o* am u sio* am a 

A am (n ^ u) ^ am (o « a) 

1 ~ k* 510* am « 510* eoam a 

^* ama 

l~k* 510* amo 510* ama 

: = sin am u, nanciscimur e formula l): 


* 

510* ams 

— «iu ata (u^ a) sio am (o — a) 


1^. i<«k'5ia*aaiaaa 

e formulis 2), 8) : 


(t± ' '-X ^ 

\ >uicoama / 

1 — k’ 1*510* ama 




. i 'I I ^ 






, earum transformatio- 
formulas, quae stalini 
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e forninlis 4), 5): j . . ^ ' 

(l ±ki*incoam«/ ^ k sirt am (l ± k lin ain(y — «)) 

1 — > k* MD* am «( Bin « 

Hluc ubi loco a successive |}onitur 4 8», ...2(u*l)w, loco — auleni 4 ii w — a, 

olitinenius; 

-L(i ** (i ” ^ \ 

M ' iin’»vir4M/ \ «la^aniSM/ * •in*am S(d— 1)m / • • 


IL - 

^ '' (1 — k’i*Mo’am4«i^ — k*>*sin*«mH«iJ .... — k*i*sm*»jnS(n — l)w) 

tia atn u . sloam sinam -^8«^ • sinam ^u^4(n^ !)*•) 

|kin eoam 4Mtincoam 8^ 7^. . amcnam S(n-^ l) »1* 


•MflM ll 


10 ) 


(l^i)AA ^ ^ smfoam 4«i 1 i sin eoam 8 m ) f sin coamlfR — 1) • ) ( 

^ ( 1 — k* a’ sia’ ani 4 — k’ a* sin* am 8 . . . . ^ 1 — k* a’ sin' aiii X (n * 1 ) 

-(-siaamu )(- sinam stn am (^n + 4(is-l)«)| 

|casaro4«.cosaBi8« ..»• cosasn 

^ sincnam4w iincoamSa ) «lneo«n « (n — 1) . )} 

^ ^1 — k*«**in*am4«s^ (l~k*s*sin*am8«^,.., -k*a*siu’Bm8(a — 

^l^sinamu^ — sinam +*-))( I — sin am («+8«)j.... (l— «ioain ^u^fn»l>)| 
I em atn 4 a. COI MU 8 ■■ .... cotamt(a — l)oi|’ 

(i-flajCC ^ (*+*‘«){(>4-^ I sin eoam 4 w Ki±i isin eoam 8 n) »,, , ^ki «ocoam X( o— l)s ») j* 

V (I— k’*’Mn*am4«J(l — k^ sin" imSai). k“a’sra»am*<a—t)n) 

( l+k ain am u 1+k tin am (u+4 ■) j( l-H**'"»™ (“+8“)) f -(l+li »m am (u-|-ij(ii— y m)j 
' l^amia^amSa ... AamZ(n — 

(1 — ki)DD _ (1 — 1«){(1 — kaiUe<ami»)(l — kaaineoamSa) (l — kaimcoamtfn — 1)»)}’ 

V (1 — I’ am4»)(I — k'a’ aVam8«)....(l _k' a’ ain’ am*(D—l)«) 

I l->-k sin am t— k lin am m ))(-> atoam ^u-|-8a)^.,..^l — ktinam(in4-4(n-lja^j 

^^am4« AamSa... Aamt(a— >i)a|* 


11 ) 
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Hioc etiam ecquantar formulae; '• v _ : i 

(l ; 1! Vl ** i-* ) 

V t — »*AB «io^ eoam 4 m /V Ain'coani8«/ \ sin*coam2(a — 1)«/ 


13) 


(1 — — k’m'«in’»ni8«) .... lin’ >m<(n — 1} «) 


co<iniu.co>iin(u4-4ai)caiam (u + 8«) .... caiam^u-|-4(n — l)a) 
|coaaQi 4« . cosatn 8 « .... co» aui2(a — i)wj* 


!♦) 


— k*a-.cn 


= 1— k“«>. 


(l-k'a^ ain*coani4«)^l-k^k' ain’ coani 8w) .. . . ^ l-k^a*sin^ coam2(ii-l)«^ 


- k* a* ain’ ani 4 -k’a’sin’ ani 8 .... - k’a’»in’ am 2 (n- l)a) 

Aamui^am(u 4 - 4 a) Aam ^u-)- 8 »}, . . . Aani ^u-|- 4 (n — 1 )«) 
|^am4a^aai8a .... Aaa2(n'r.>l)aj’ ... i' 


DE.MONSTll.\TIO FORMULARU"»! AN ALt TltARl’ M PRO 
TRANSFORMATIO. NE. 

■ ■ ^ , , > ‘i./iiam .1 - •. X •• r> - ,i. , j 

21 . ... \ , 

lani denioiKsIrcmu» , posito:* 

j ^ (f sincnam4a)f aincnariiSH) ’’ sin coani2(n — > l)tu)/ 

— li* ** lin' am 4«i) ^1 — ain^ Am8«^ , ^1 — ,k* ** 2(n— ") 

1 1 — tiii am sin am ..-sinani ^n ■ *'^t -.-anaJti (n — t)“)^ 

jensatn 4w .cosain8 M .cusam 12 •.... coi ani Sfn 1) n|’ i 

et i-elitjuas erui formulas, et hanc: 


ilv 


ds 


, I' ■ ' 


/■ l — j’/' l-x*)- 1-a’ /“l-k’.» ... 1 -i •• 

.siijuidHii; ! •• 

X — k'*^aincoani4«.Bincoain8ai .... sincoain2(n — l)iaj 
|«tn coam4M .sin eoam 8 sin coani 1)«»| 

s ■ ' J ^ 1 ■ ■ . n— * 

Isin am 4 48 . sio am 8 » • • • fin feoi ^ (mn— 1) «j 

K formula proposita apparet, minime matari quoties u abit in u-(-4w. Tuui enim 
quiris lactor in .suhseijaentem abit, ■ ultimus vero in primum. Unde generaliter y iiou mu- 
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Utur, siqaiilem loco u ponalor a-|-4p«, designante p numerum integrum poeitirum s. 
negativum. Ulii vero n = 0, fit: 


^1 — no am 4«) (l — »5n sriSm^ .»• (1 — iln *m4(o-*l) ^ 

^ ^coi »m 4 • .cosam8« ... coa»int(ii — 


sive )- = 0. Facile enim patet, fore: 

— ra#iii4(n — l)»=*4-«n «mi» 

— •in ami(n~>- t)«s 8a » 


nude : 

^1 — fio »m4«) — «ininiS (n — l)«)^co*’»m4» 

( 1 — «in »m 8«) (1 — lin «m 4 (o — *) «) = eo«' ani 8 a 

(1— sin am*(n — — sinain*(n+l)») = eos’am*(n— l)a. 

lamquiay = 0, quoties u=0, netpie mutatur y , ubi loco u ponitur u-»- 4 pw, generaliter 

evanescit y, quoties u valores induit: 

0, 4a, 8«, 4(n — J)a, 4(n — 1)«, 

quibus respondent vnlores quantitatis x = sin am w: 

0, ainam4a, ainamSa. ... iinam4(o— l)a. sinam4(n — 1)«. 

quos ita etiam exbiWre licet: 

0« ±sinaan4M» ^»iDtin8», •••t ^•«D9niS(o--'l)Ma 

sive etiam hunc in modum: 

0, iMiJ*m4», ... ^iinam(n'^l}M. 

Oui valores elementi x, quos evanescente y induere potest, omnes inter se diversi erunt, 
eorumque numerus erit =n. lam ex aequatione inter x et y supposita , e qiia proliecti sii- 
mus , elucet , positis : 

V = (1 — k’a*ain’.m4.) (l — k*a*«n*.m8.).... (l — k*s*ain*am8(a — 1).) 

- — k'i’Mn*amt.)^l — k*a’sin’an4M) ....(1 — k* a' aio' aoi (n — t).), 

y— fieri U functionem elementi x rationalem interam n" ordinis. Quae cum simul 
cum y evanescat pro valoribus ({uantitatls x numero n et inter se diversis sequentibus; 

0 , ^ kia am t «• I ain am 4 • • . . . ^ »to am (n — 1) « , 
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necessario formam induit: 

m{ *iD'untM}{ iio*ftni4w} f uu'ikui (a— >1)«} 

= — : — 11 — ■: -1 1 . 

M \ uu*am4«/\ im^amSa/ \ • Mii*«uiS(ti — > 1 )m/ 

(lesignmite M Constantem. Cunv posito x = l, fiat 1 — y = 0, y = l, oblinemus ex 

.. U . 

aeqnalione y = — : 


1 — 


f *in'aniS«^( sin*»in4«i) ^ iiii*»m(n — I)*») 

M — k”iia*BinS«^ — k*»ia^ani4i»^ .... — k’»in'Bni (n — 1)«^ 

n-— I 

( — I) * ^»incoam>w.»iQco»in4w .... »iiicoBin(i i — l)w L. 

M |sin am S « . lio am 4 m .... ain am (a — 


unde: 


M = 


(-1) ■ («i 


MD eoam 1 M . iin eoam 4 w > . • . . ain eoam 




^ain am S« . ainam 4ia . . . sio am(o — tj 


Inter functiones U, V meinornbilis intercedit correlatio, iilam dico supra memo- 
ratam, cuius beneficio fit, ut posito loco x simul y io al<eat) designante X Con- 


stantem. 


Posito enim r— loco x abit: , ' ' 

■ * * i" . ; 

U = —(l— — — — ) 

in hanc expressionem; 


(-1) 


V 


/. / . - -r i 
1 


Ma** k^ ^ain am t « . ainam 4« jin am' (n-t).)’ 

Contra rero eadem substitutione facta, 

V — — k’a*siii^ amt m) — k* s’ sln*am 4 ai) ^ . . — k*a’ sin* am (o — 1) «) 

in hanc expre.ssioncm alsit:. i : ' ...■ i. 

C— . l)™* — ^ . M |iin aniCai . sin am4ss .... sso a m (n — ' 
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Uwlc loco X posito y = -^abit in: 


U MM.k"! sinun S«.sin»ni4 M . »ta ain [o— 1) «j* * 

sive y iu siquidem pouitnr: ‘ . 

A = MMk"|«iniznSM*iinain4« ..>• siaain(a — 1)«|* • ^ 

x=: k"^uscoam2«.uocoam4« Macoui(n**l)w|* ^ 

1(1 (|\iod (lenionstrapdam erat. 

Kx aequatione proposita : 

, _ j (1 i) sin coiin 4 • ) f sili cosni 8 M ^ ( nncanoi2(n — 1)«}} 

(l — k’s’siii’»ni4») (1 — k’s’sin*sin8is)..,. ^1 — k' s' sin' un t (a — i)u) 

■ • 

posito — loco Xy quod ex antecedentibus licet, eruimus : 

' |(t — kssmcc«m4si) — ki smc«un8si^.,.. — kssiiicoamf (n— l)i»)| . 


kj kV 


quod ductum in Xy = praebet: ■* . 

* \(l — kirincoam4«)(l — kisin coimSa)., , f 1 — kssincoamt(n — 

l_Xyc=(l_ki) ii — i i i-ii-. 

(iterum patet, y ="^ abire in — y , ubi x in — x mutator, quo &cto ij;itur statim etiam 
H_y, i-t-3iyexl — y, 1 — Xy obtinemus. 

^ lam igitur eiusmodi invenimus litnctiones elementi x rationales integras U , V, 

ut sit : .... 

V + U = V (1 + y) = (1 + .) AA 

V _ u = V (1 — y) = (t — s) BB 

V + XU= V(l + Xy)= (l-t-ka) CC 

V _XO = V {l_Xj)= (t-ki)DD, 

designantibus A, B, C, D et ipsis functiones elementi x rationales integras. Hinc antem 
secundum Frincupia Transformationis initio stabilita statim sequitnr; 

d y d X 

1— y’ 1 — X'y’ M Z' 1-a* Z" 1-k’a* 


Digitized by Googie 


45 


Multiplicatorem M, (|uem vocabimus, ex observatione §.15 fiicta obtinemus. Uude 
iatn omnes formulae analylicae generales, quae theoriam transformationis functionum el- 
Upticarut^j^ucemnnt, demonstratae snut. 


flemomtiralio proposita ex ea, qnam dedimus in Novis Astronomicis a (<i. Schu- 
macher editis No. 127, eruitur, ul>i ponitur m loco — aliis omnibus immutatis manenti- 
bus. Ipsum theorema analyticnm generale de Transformatione shb forma paulo alia iam 
prius ibidem No. 12S cunv Analystis communicaveram. Demonstrationem O. Legendre, 
summas in hac doctrina arbiter, ibidem No. ISO Itenigne et pr.ieclare recensere voluit.' 
Observat ibi Vir multis nominibus ssenerandns, aequationem: 


viiL.ulL 

ds dx 


ABCD ._ T 
M ~ M ’ 


cuius beneficio demoastratio conficitur, et quae nobis e principiis transformationis mere 
algel>raicis sequebatur, etiam sine illis analytice proI>ari posse. Quod cum ex ipsa Viri 
(ylarissimi sententia egregiam theoremati nostro lucem affundat, praeennte illo, paucis hunc 
in modum demon.strcmus. 

Aequationem propositam: 

V — _ u — — \5£!L — Z. 

dz di M 

ita quoque exhiliere licet: 


Invenimus autem: 

^ M ( i!n*sni4«> ) ( iiil’BPi(n — IX») 

V = ... — k*i’*io’aoi(D*— l)n). 


ogU dIftgV 1 Ik*ziiB*ainfq<» j' 

ii "" dx ^ a ' »in*am I q** — IX 1 — k*z*Mo'>iiiSq«» J* 
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1 


namero q in summa designata Iriliutis valorilms 1 , 2 , S , . . . , — j— • Porro invenimus : 
AB = ^1— I)m) 

CD — (l_k’»’rin’eoiniS«i)(l— k’>’«'m’cuam4«)....'(l— V’«’*in’co^ni(n— IJw). _ 

unde: • • • . . 

_TT^l — k’i’»in’cotinSp«>) ^ 

T ABCD «n’co.n.2p«.; \ / 

• ^ )(l_k’.’.io’.n.*p») 

A «n’*m2p« /V / 

siquidem iu productis l(revitatis causa praefixo signo n denotatis ofemenlo p valores tri- 
buuntur 1 , 2 , 8 , . . . . , — . Hanc expressionem in fractiones simplices discerpere 
lioei, ita ut formam induat: ^ 

_ 1 _ V’». b“«>. , 

quo facto ut evictam habeamus , quod projwsitum est , demonstrari debet, fore; ^ 


a'’’=- 2. B‘” = *k*.m*»oi»q». 


Denotabimus in sequentibus praefixo signo n'’' productum ita formatum^ ut ele- 
mento p valores tribuantur^ 1, 2, S, . . — j — , omisso tamen valorep = q. ^ Hinc e 

praeceptis fractionum simplicium theoriae abunde nolis seijuitnr: 


sin' am 2 n w 

,• ? 

r > sin’co»niZpa» 


/ > sin'co»ntZpa» i 

/g) / \ ] _^ k* siu'am S q tti • Aiii* ani t p w / 

A = (l_k*«o-.«,8,-..m»co.m*,-j-— — ' 

11 \ 1 «-> k*sin' «m fqti . sin* eoam f p w / 


lam e formulis supra a nobis exhibitis fit: 

5in*amtqw 


1 


•in^cMinfpw ^ cos ani (2<| j jp) ** ■ co» ani^2q— 

1 lia' am 1 4 » sin' am S p w ~~ ro»*am*pw 


I — 


sin' am 2q u 


sin'amtp«s cos eoam (8p^>g) itf » cos coani (f p — ^ *t) ** 

1 — k*siB*aro2qai. sin*coafn 2p ai cos* eoam Sp w 
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Facile auleui patet, iiuljlali.s qui ia denominalore ^1 minieriitore iiilem invciiiuiitur faclo- 
riljus, fieri: , 

cosam (2 w co»Bm S p) w 


^ co*’ am 2 p *f 

j-j(q) cos eoam (2 q-|- 2 p) at COI eoam (2 p — 2q)at 

nudo : 


coaanfq M . . « 

1 co»*coaiti 2 q o» ^ eoa eoam 2qM 

coacoam2qiit coacoani4q at' co!icoam4q4u 


j . coa*coani2pai 

»(1 — k*im*aTTi2qatija*coaiD2qat}coicaara4qu 

COI am 2 q coa coaoi 2 q <ti , . 

At c nota de duplicatione formula fit: . ‘ , 

2k sinam 2qocosam2q at ^am2q» 
cos eoam 4qw = — - • — r r-. 

1 2 k’ stn* am 2 q <kt am 2 q « 

2 k'sioan) 2 q wcos ani 2q at Aam 2q At 

' ^’am2 q ai — > k* sio' am2q atcos^ant2 q at 

2 cos am 2 q at cos eoam 2 q at 
1— k’sia*am2qats>n*coatn2qat ' 

unde tandem, quod demoiutrandum erat, A'^’= — 2. IVorsux simili modo alleram aequa- 
tionem: B*” = 2k’sin’am2q •# probare licetj quod tamen, iaui invento A'”= — 2, fa- 
ciliua ita fit. 

Facile patet, loco x jtosito non mutari expressionem: 


n 


( 

sin*coani 2 pat} ( 

I — k* ** tin^coam 2 p 

1 

k’ s*sm* am2pft)^ 

( s)n’sni2pcit j 


quam vidimus ae<|ualem poni posse expressioni: 

I +2 . . . -1- 2 , "/'V - 

sin am2qa> — s 1 k* sio ani 2q ot i 

Haec anlem expressio, posito loco x, al>it in hauc^- - 

* ^ l -k*s»«n* 


— B 


(qi 


Mn'am2qai k*(sin*ani2q 


+ 5* / 2 — — -1. 5* *fc*«***°*«*"»q* . ^ ** 

\ k*sia*am2q«/ 1 — k’x*ain’am2qM ^ k’siR*am2qM sin*am 2q at -- x’ 

unde ut immutata illa maneat, quod debet, fieri oportet: 


B =s 2 k* >in' am 2 q « . 


Q. D. E. 
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'23. 

E foranla 14) §. 20 swjoilDr: * 

j — r l-k » y 1** ^X.k’i*iin'«itiJ«)(l-k’»’«io’»iii4i»).. .. (l-k’i*$io’»ri(o-l)»i) 

V . "• 

Posilox=l, unde etiam y= 1 , ac/" 1 — XX=X', fit; 


, , f Acoaint«u^c oain4w ■■■ ^co«g (n — 

\ ^ atn 2 im 4 0 » , . , ^ im (n — I) « 


lam Tero est: 


* ^ C 06 O n s 


^ am u 

unde : > ' 

’ k'" 

~ |Aiin*«i.;k»ni4M .... A«m(n — 1)«|‘ 


Porro in usum vocati» formulis: 


*) >■ 


= k"|.ii 


lis eoam e « • 6in eoam 4 M .••• nncaam 


(n — l)»j 


n — t |nn eoam 2*» .iioco»ni4» .... sin co«n (n — t) J 
S) M— ( I) |jir«uit».»in»m4*i .... iin»in(n — I«>’j 


nanciscimur : 


= jununt«>.>inlin4« in >rn fn — I) 

M V >>" 

/ Xk'® 1 J* 

B ,r.oi am2 » coiaim • • • • cosam (n«— 1 )m^ 

V k® t ' 

5 j s= am f •» A am 4 I* , ♦ . • A im (n — 1) w| 

n^i ^ 

7 ) ■*_-/ -L- = |,g ,m 2 I. . Ig »ni 4 •> . . . »15 nm (n— t) w' 

M y k'“ ‘ ' 

r~f , |i 

g\ _/ ! = {>in co»m 2 •» . tin co»m 4» . . . »in eoam (n— I) m’ 

V k" ' ’ 

n— I ^ 

o. ■»/ =r leo» ce»m 2 m eo« coiin 4 •« .... cot eoam (n— . 1) ai| 

' M V k'k'k" ' • 
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10 ) 


■ .{ 


^ C4>aiD 2 « ^ coAJO 4 M * . • ^ eoam 


oam (n-— 1) ai| 


^ 1 r ' 

( — l)^^Mm/ ■■ ■■ ■ ■ = {tg eoam t « ig eoam 4 » . . . u eoam (■-"!) o»> . » » 

V X'k'“^ 1 I 

Harum formularum ope formulae l), 4), 6) in sequentes abeunt: 

IS) kj =* — sinam uaioain ^U'^4w^sinam . . unam (u+ 4(0 — 1)«) 

IS) co.«n(^. x) ~ ^ (u+4*>)co»»m (u+8«i) .... cMun (u+4(n— 1 )m) 

14) ^am^— ,X^^^ ^ am u ^ un (u-)-4ai^ ^ wn (u4-8w^ .. .. ^ un (u + 4(a — 1)«^. 

unde eliam: , . 

15) *■} “ y/ -^^‘S 


Aliud ita invenitur formularum sjstema. £lx aequatione 4) sequitur: 


i— = L 

M'k” 


~ Itio am £ at ain am 4 « .... tin am (ii — 1) *t| . 


unde: 


1 — 


/ II \ K T*T sin^amSpa» IrM ■ ■ s i sin^ amfpA* 

= — — »11— t ■ • 

k* ciu^amtpM 

sive : 

Hadices huius aequationis n“ ordinis sunt: . , 

i = staamu> sio am ^u4-4w^. «in am ^u + Sw^ sia am ^uq-4 (d — 1) w) . 

unde aei|uationem nanciscimur idcnticam; 

^1 — an aw u^^i — sia am(n4~4is)^ — sin am(a+8a)J., . ^i~tin am(u^-*4 (o — I) »)| . 
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Hinc prodii summa radicum- \ . 

16) ^ »in »in (u-t-4qM) — »in »m . ».j . 

F.odem modo inyenitur; 

n^l 

17) 2 + = '^ — ^ COI »01 . A.| 

n — I 

18) 2 ^ C» +♦ q w) = ^ . *-j ■ * ' 

19) 2 <« “> (“+*q") = -j;A^ 

in quUms formulis numero q tribuuntur valores 0, 1, 2 , S, n— 1 . Quas formulas 
etiam hunc in modum repraesentare convenit; 


tM 

lir- 

s= sin am u ^ ^ |sin am (u-f>4qM) sin am (u •■»4 q a«)| 

n«l 



(-t) ^ , 

IM '“'•"i 


x| = cos am u -f- 2 |cos am (u*f*4qM)-^ cotam (u — 4qis)j 

n — 1 




fw’ 

, E A am u ^ ^ am fu4-4 q -4» ^ am fu — 4g ssV 

1> M '« 1 

1^- 

xj = »g am u -f- 2 (*« (“+♦ q •) + t« »n* {« — 4q *s)j 


ubi numero q tribuuntur valores 1 , ‘2 , 3‘, . , . — . lam adnotentur formoinjc : 


iln am (a *^4 q a») -f» sin am (u — 4q «) ss 
cos am (u+4q 0 *}^ cos am (u — 4qsif) s 
^ am (tt <f* 4 q w) ^ ^ am (u — 4 q a») = 
tg am (u 4 q w) 4> tg ain (a ~ 4 q ai) = 


S cos am 4 q «s ^ am 4 q w sin am u 


1 

— k* sin* am 4 q 

w sin* am u 


2 cos am 4 q ss 

cos am u 

t 

~k' sin* am 4 q 

m sio* am u 


t ^ am 4 q a» 

^ am u 

1 

— k* m* am 4 q 

a* sin* am u 

9 am 4 q a# sin am u eos am u 


cos* am 4 q M — am 4 q m sin* am ■ 


*} cf> S’ formulas l), i), S>; foruiub po»lretna e‘ formulis 10), 90) tuitT ubi repulaa. cas« Ig s^ ^ tg d 
sin (r ^ d) 

cos 9 CCS d ' “ • l . • • ■ . 1 . . ' t r - ‘ ‘ 
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quarum ope Ibnnuiae 16) — 19) in has abeunt : 


*>) 

X 


f— . 

X 1 SS MI) MVI tt ^ 

! cos BDi 4 q M A sm 4 q w sio nn u 

l.M 




i — k* «ia* ■«! 4 q M «in* am u 


■— > 








f— . 

X^ = cof «n II + 2 ■ 

t eo* MB 4 q •» eo« *m u 

kM 


l M ’ 

1 — k* «in* am 4 q w «in* a«n u 


* «— l 






(-1)“»“ 

a sm 


X^ = A «n B -f- 2 . 

t ^ am 4 ^ M A ani O 


M 


U ’ 

1 — k* »in* am 4 q •» «in* am a 

r.) 

X' 


fJL 

Xb SB Ib »am la ^ 

S A am 4 q w «in am u eos am « 

k'M 

** *" 

Im ' 

A» * 1^ un m ^ 

1 ~ k* sin* am 4 q w sin’ am u 


<|uae eliam olitincntur, ubi formulae supra propositae e melboilis notis in fractionas 
simplices resolruntur. 


DE VARIIS EIUSDEM ORDINIS TRANSFORMATIONIBUS. 
TRANSFORMATIONES DUAE REALES; MAIORIS MODULI IN .MINOREM 

ET MINORIS IN MAIOREM. 

24 . 

Elemento w vidimus tribui po.sse valorem (|aemlibet schematis — + "■ » K 

signantibus m, m' numeras integras positivos s. negativos, quitanien, (jiiolies n e.st nu- 
merus compositus, nullum ipsius n factorem communem hal>ent. Facile autem patet, ubi 
q sit primus ad n, valores tt = 1"’^ substitutiones diversas non exhibituros 

esse. Iliiic ulli ipse n ast numerus primus, valores elementi w, qui transformationes di- 
versas sup|>editant, erunt omnes: 

jjc K -t-i K' tc -H i K' K + 3 i K' Kq-(n — l)iK' 

o*n «**n n*- n ’ 


sive etiam: 



K + i k' t K + i K' 

o n 


a K q. i K' 

fl 


(n — l)Kq-iK' 
n 


aut , si placet : 

K i k' K ± i K’ K ± t i k' K j; 3 i K‘ 


Kt^iK 


n o 
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.sive etiiun : . ‘ * ' ' . • * 

.■^K±iK- 

K K ± iK' a K ± i K.' »K iriK , » 

u * n * u ’ n n “ 

quorum est numerus U-+- 1. Ac reapse vuliinu*^ iu triiiisloriuiitiouilias tertii et quinti or- 
«liiiis, supra tamquam exemplis propositis, aequationes inter u = ^'k et vj=y^X, quas 
Aectuationr» Modulares nunciipdMmus , resp. aj (|uartum ,et sextum «radum ascendisse. 
Ouolics veio n est numerus compositus, iste valde augetur uumerus; accedunt eiiin» ca- 
sus, quilui.s sive m, sive m' sive etiam ulecque lactorem habe*! c«m n communem , mo<lo 
ne uirisque m, m' idem communis sit cum ii. Generaliter autem valet theorema: 

numerum substitui ionem n“ ordinis inter se diversarum, quarum ope traiujiar^ 
,,mare liceat funcliones ellipticas, aequare summam factorum ipsius n, qui ta- 
men numerus, quoties n per quadratum dividitur , et sukstisutiones amplectitur 
■ t i * ■ ^ i ^ . 

, ex transformatione et multiplicatione mixtas; adeoque quoties n ipsum est qua- 
t t . * « 

„dratum ipsam multiplicationem." ^ ^ 

Isla i“ilur ractomm summa designabit gradum, ad quem pro dato numero u Aequatio Mo- 
dulans ascendet, ubi adnotaudum est, i|uoties n sil numerus quadratas, unam e radicum 
uumero praebituram esse k = X, ac geueraliler, quoties n = m’ v, designante m’ qua- 
dratum miuimum, per quod numerum n dividere licet, e nnmero radicum fore etiam omnes 

radices Aequationes Modularis, <|uae ad ipsum V pertinet. 

luter valores elementi M supra pro()ttsilos, qni casu, quo ii est primus , quem, cmn 
in eunj leliqui redeant, sive uuice sive prae ceteris considerare convenit, universam trans- 
formationum copiam suggerunt, duo tantum generaliter loquendo •) inveniuntur, qui trans- 

forniutiones rcales suppeditant, hos dico = Illam in sequentibus voca- 

bimus Iransformatiunem primam, hanc Mcuada/;i; modulosque qoi his respondent, designa- 
bimus resp. per X, X^ corumijue Complementa per X', X/. Argumenta amplitndinu , 

quae his modulis respondent, (functiones integras vocat Q. Legemire , ) designahimus per 
A, A,, A*, Formulae nostrae generales pro his casibus evadant sequentes. 

*) Nam iafinilis cuthtis pro Moralis specialibus fit» ul par latltcum intaKinarianisn Aequationum ModuUriuoi 
tibi aequale cvacUl ideoque r«»le Gl. 
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J. 

FORMULAE PRO TRANSFORMATIONE REALI PRIMA MODULI l IN MODULUM K. 

(n-I)Kl‘ 


= L") 


1 K . 4 K 

»m coain — sin conm ■ - 


-I)K 

11 


X' 


M 3 S 


k* 


i tK . 4 K 

iCk am — — a ani 

f n o 

5 K . 4 k 

sin comi ■ ■ — a*n eoam 


t K . 4 K 

sin am ■■■ - sm am ■ — 


. ^ am 


... V 


(n-l)K 


Cn — Ij K 


sitiamu y sm* am u \ j ^ kin*amu \ > sin*amu \ 

>1 ( **^l( ■ ‘‘•^r I ” f ( n — ixK I 

I nn^am — /I aiii:am *— •> I I - >m* «m ^ i 

/ u \ _ \ n^\ n/' n/ 

'("m * , *K . , T7 . , 4K . , \ 7 , , (o-l)K . , 

1 1 — k’iio’ao» — wn amo 1 1 1 — k sin am sm amu I .... II — k’sm am - . — sin^ am u j 


k“ 

= c-.) ■ y t;-.. 


sm amu sin ani i 



f, i. ■ . (o-l)K . , 

1 — k siti am - I — 

l n 

8Kv 
. « / * 

/ . 4(n — I)K. 

, Sin amiu«4“" ■ - ■— j 

• |I»M ! 

\ D :i /, ■ '1 u 


^ • < ' p ! f sin* amo \ /. sia’a|n n i \ r> :i > i f •ain*aai u \ 

cos am uf 1 ~ ■ ■ I I 1 I .... I I ^ — V 

( JL A = ‘ .fn’c».n. --) ^ ) 

' ^l-k’ain*ani sin’ain uj|l-k*sia'aRi . . .^l-k' |!n* 


(n-l)K , .. 
am sin’ani 


^am 


/■ — ^ amu /j>k’un^ Coam — sin*am u\^l-k* sin* eoam — siu*ani .. Yl-t*sti»’coam ^ — sin’ am 

/« ^ \ <i /* Q " l 

^ - k’ sintam — sin’ aiti u^l -k* sin* ant—- Mn*ani 1 1 . k*sin’ ani i— sin’ am uj 

Llf \ 

» — J 

n ^ 

M 

n f 


1 7 sinam 


1 sin coam — /l sm coam ^ j I 
u ' n / N > ^ n ^ ^ 

Tu rr~l/ l + »i»ainu y, . sin amu sin amu ^ 

y |l + - rK|j‘ + ': 8 k)-- I*' 

• I Sin eoam— siucoam— y 




sinam u 

Z~*o 


1 — sin ani 


sin am u 

' . *tn 


V 


1 ^ X sio am 


1 db ^ sin ani 

4 K . 


(^■\) 


< l—k sin coani sin am u l( l— k sin cujni — — sin ;mi u ) . . . ( I— k n 

n *' n ' ’ ' 


«(a — i;k . 


V 


>+k siii am u 


sin 0*1 «n< — • — sin am u | 

n J 

»K . I I , . . . ^'n— li K 


/ 4 K . u . . , . • . l I . . I • a n — 1,1 n. . > 

I l+kiincoam^— tmani u|| l-^ksio coam imam «^ . . . | l-f-ksincoam - sinam u| 
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*^) = 2 

1 


, «HK^ IqK . 

(— 1) ^ co* «m — ^ un «Q am u 

II n 

*qK~ 

1 — k* «io* MP ■ «io* »m u 
n 

/ *\ Q J <J K 

('— 1) ^ cos am — - coa am a 
a 

, , *SK . , 

1 ~ k sm am aia* aa u 


tqK 


^ am tt 


, L. , *qK . , 

1— k sia am i. aia am a 


w'«"" fe- ^)-='i«>« + *2 — ^ 


A *SK . 

U am - -- sia am a cos am a 
n 

. *SK 7^ *qK . , 

CM am — a am sia’ am u 


II. 

A. FORMULAE PRO TRANSFORMATIONE REALI SECUNDA, MODULI k IN 
MODULUM X.. SUB FORMA IMAGINARIA. 


. _Ln/. *1K’ , 4iK- 

K — k" {lu eoam — sm eoam ^ 

I a o 

e'« 

V = 


(o-l)iK'|« 


“T iTli' «71? (o— i)iK',« 

am - a am .... A am ' } ■ 

\ n a n F 


M,= (-OT 


1 . *iK' . _ 4iK< 

(o-l)iK' 

; n n 

* 

J . tiK' . 4iK' 

F SIO am < sia am — - ■ • 

Ca-l)rR' 
• . SIO am — ■■ ... ■ 


vin 


sifi*arao \ / siD*amu \ / sto’am u v 

* * 7 • / an’ ama \ sio' am u \ sm* am o \ 

- r ®i^'i '■ I c»-*)iK'i 

1 • ao* am ^ I sio* am ^ I sio* am > ■ ^ 

^ /k^ . .4 . ' . . 

= Y - — . staam usloam ^u-f-4iK'^ sinam .... sinam <4*4(0 — 
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a»l 

(->) ■ \ 


kM 


■Ik' *.)■ 


. *C -0 ' r? 

.+ — nr~^ 


(Zq.ljiK' ■ 

1* rnm ■ . « sta’ 


sta’»a 


sta* «mu 


Jr:^a.»(^.x)=A«n»+^L^ 2 — 


- k-M — * 


iB* am »in' «m u 


, .. fqiK' . 

1)^ Q am I ua am u cot aai u 

a 

~i Ti . , 

co**am ■■ ■■««»■• a’ am — tm’ am u 


B. FOBMULAE PRO TRANSFORMATIONE RKALI SECUNDA SUB FORMA REALl. 


K =: 


- ™ (i£. . j.™ (ii!.. ;...... ' 

l- = k’“ |«n co.m , k’j .in cnam . L'j *in eoam . k jj 

/*K' \ ~/4K' ,,i . /(n — 1)K' ,.\l’ 

I eoatn I , k 1 »o eoam j • k j .... »in eoam j jj ’ * / / 


M = 


/JK' ..1 . /4K' ,,l L-i 

, kj ,m am (— . kj n am ( ^ . kj 


•ioamu . .in’ .mu \ /. . .in‘ am n \ / .in’ am U ; 

( •'•))( 

— : .in’ >ni u \ /. iin’ am u \ ~ •>“’ •“ “ ~V 

co»ainu^l+sin’ain an» 


cof am 




N ^ ^ ' 

, sin’ am u \ y «n* u v " V 

t ' V / .... \ / . 


i^ainu 


I l+.in’ am u A’ .m k'j j| | l+.iii’ am u A’ am , k'j| | l+.ln’ am u A’ am " , k' j j 

( ^ ~ ; .in’ am u , y , >io’ am u { 7T! " V 
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In lorinulis pro transformatione prima positam est (— l) * M loco M. Formulas 
pro transformatione secunda dupliciter exhibere placuit, et sub forma Imaginaria et sul. 

forma reali, in quibus praeterea loco k sin am k sin eoam cet. ubique 

— * i m>i. Id uuod. siculi reductio in 

scrqjtum est '' ^ 

- ' itn sm «» «»™ :: 

formam realcm, ope formularum 19 facile transactum est. Ubi signum aml,iguum ± 
positum est, alterum -f- eligendum est, ulw est numerus par, alterum — , ubi 

,:.>t numerus impar; de signo + contrarium valet. In summi* praefixo 1 designatis, nu- 
mero q valores 1, 2, S ^ tribuemli sunt. 

E formulis pro transformatione prima pro|H>sitis patet, quoties u fiat succes- 


jore: 


K 1L 

* n * D n n • 


fore am (-j^. 


0. 


unde obtinemus: 

_Ji- = A. 

nM , 

Contra vero videmus in Iraiisfomialione secunda, quoties u fiat: 0, K, 2K, SK, ... 
siveamu: 0, , Jr , fieri am X.j et ipsam ==0,, », -j-» • • •> 


unde hoc casu: 


_!L = a. 

M . • 


Ceterum e formulis pro Modulis X., X', X, X' exhibitis elucet , crescente n. Modu- 
los X, X' rapide ad nihilum convergere, ideotjue simul Modulos X', X^ proxime accedere ad 
unitatem. Itaque transformationem Moduli primam dicere convenit maiorii in minorem, 
secundam minoris in maiorem. ' i ■ , 
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DE TRANSFORMATIONIBUS COMPLEMENT ARIIS 
S. QUOMODO E TRANSFORMATIONE MODULI IN MODULUM ALIA 
DERIVATUR COMPLEMENTI IN COMPLEMENTUHL 


25 . 


lu fornmla »upra inveuia: 


*) ” V 's — 

ponamuik u = iu, ti=im, ita at sit «* = mK-f-Jn'iKj •'=ni'K' — miK-. iam vero 
19) , ■ . ' ..... 

5m (1 u\ k) s i siB Mm (u* • k') 

Ig am (i a', X) = i sin am (a', X*) , ^ 

unde iormulam allegatam in sequentem abire videmus; 


— , xl = (— 1) , y -^^7— ntiaina'iiDBin^u'4-4M'^slnvin^u'.^w'^. . . . tinam^a'*f>i(a-l)«i'^. |Mod li'|. 

Porro invenimus formulas: 

k'“ 


X' =t 


M-= (-1) 

quae e lormnlis; 

^ am (i U , k) ss . 
ain eoam (i u » k) = 

unde «tiam ae<|uilar: 

sin eoam (i n.^k)** 


atn t M A am 4 as ^ am (n — IJ wj* 

jain eoam 8 m sin eoam 4 w ... sin eoam (n~ 1) 


|sin aui 8 w sin am 4 tw ... sin ani (o — 1) . * 


siu eoam {u, k'; 

1 

^ ani (n. k') * 


‘ .1 , • : A 

N— 1 aln eoam (n , h') t f 


sio am (i u , k) Ig am (u »• k') ^ am (u , k*) 

iii se<|uente8 abeunt : 


sin am (n , k') 


X* s k'“ («in eoam 8 o* sin eoam 4 ea* . . . . liii eoam (ii c*'|' |Mod k'| * • 

I ^ t • t*’ • * iHTir» s •! aN rli' •*» , t •* ' '**■» 

|*in eoam I o' sio eoam 4 ilin eoam (n — 1^' a» j ^ 

>1 =r -y- p- — ; '".T^ — ] Mod k j . « ' 

I sin am 8 m' sin am 4 as' ... . sfn am (n > t) <v 5 , i 


11 
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His formulis comparatis cum illis, ijiiae traasformslioiu Mo<luli k iu Modulum X in- 

, < 
scrviuui: 

•i» »in = — tin am u lin mm ^u-f-4 >*n ain • • • • un *Di (n — I) 

X = k“ |sla eoam 2 w lin eoam 4 ai ■ . > ■ »in eoam (o — I) wj* 

/ aio eoam 2 w sin eoam 4 u . . . . sin eoam (ii 1) m 
M 1) I 2 ^ 4 u . . . . iiD ant (n — 1) fv | * 

elucet Theorema, quod maxinii inomenti ccuscri debet in Theoria Traiisformaiioiits: 

* y^Quaecunque de Transformatione Moduli k in Modulum X proponi possint 

formulae, easdam valere, mutato k in k', X in X*, a* in m M iu 

, « * . . 

Trausformatiouem autem Complemeuti iu ContpIoBOitaiii, dicto modo e transformatione 
proposita derivatam, dicemus Traniformationem Complemenlariam. 

Facile patet , transformationum realium Moduli k transformationes reales Moduli k' 
complementarias esse , ita tamen nt primae Moduli k secunda Moduli k', secundae Moduli 
k prima Moduli k' complemeutaria sit. Ulii enim in theoremate modo propo.sito ponitur 
quml transformatiouilms Moduli k primae et secundae respoudet, 

fit M*=-^= quod traii-sformationibus Moduli k' j^wiHlet resp. 

.secundae et primae. Nec non, cum crescente Modulo decrescat Complementum ac s'icc 
▼ersd , transformatio Moduli in Modulum ubi est maioris iu minorem , transformatio Com- 
plemenli in Complementum seu transformatio complemeutaria minoris in maiorem esse de- 
bet, ac vice versa. Videmus igitur, mutato k in k', abire X in X', X, in X'. Nec non 
Multiplicator M, trausformatioui primae einsque complemeiilariae communis*), abibit 


*) lioc generaliter tealum neglecto Mgno valet; vi4tmua enim, quod ia altera tr. erat M, in complemenUrta 
B—t n~l 

eaac ( — 1) * M; at nostris caaibus eo, qnod in traaiformatione prima loco M poulvm est (— 1) • M 
(v. supra), signi ambiguitas tollitur, tla ut tranaformationibua rcalibus complemeatarUs omnino idem sil Mul- 
tiplicator M. 
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in M,, (jui «d trauafbnnalioaem stKiiuidaiu eiuMjue complemenlariae perline! , ac vice vcr.sa 
in M. Hinc e formalia supra inventui; ^ 


sequuntur hae: . 


t 

A' = 


nM ' 

S 

A — 

K' 

( 

A'- 

oM, * 

~ M . 


unde proveniunt formulae sununi momenti iu hac theoria:. 

A' K' A’ 1 X' 


K' 

K 


A’ 

- ! . 

A. 


Hae formulae geuuiuum transformationis propositae . characterem coustiluuiit, unde |>atel, 
bono iure singulas nos transformationes ad singulos numeros n retulisse. Adnotabo, quo- 
ties n sit numerus compositus. = n'n", e 'singulis radicibus realibus Aequationum Modula- 
rium, seu e singulis Modulis realibus, in quos datum Modulum k per substitutionem ii" 
ordinis transformare liceat, provenire aequationes huiusmosli: 


A’ 

A 


K' 

K 


quae singulis disceiptionibus numeri n in duos factores respondent. E quarum igitur nu- 
mero, quoties n est numerus quadratus, erit etiam haec: . , 


A' 

A 


R' 

R 


uode X B k , 


quae docet, casu quo n est quadratum, e numero substitutionum esse unam, quae mul- 
tiplicationem suppeditet. 




H 2 
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DE TRANSFORMATIONIBUS SUPPLEMENTARIIS AD 


MULTIPLICATIONEM. 



26. 

Revocemus forniuJas: 



A* _ . K' 

t 

a; 

1 K' - 

A " K 

* A, 

“ o . K .* 

(juibus hunc iu modum .scriptis: 

' 

• 

A' 

K' 


A = “■ 

X 


^ K- 

A’ 

A, • 

1 -1 • • •.- • ■ ■ 

* 

ducet , eodem modo pendere Modulum X a 

Modulo k atque Modulum k a Modulo X , sive 


todem 'modo pendere Modulum k ’n Modulo X atque Modulum X^ a Modulo k. Ilacjue per 
IraiuformatioDem primani s. maioris In nuuoirm, qua k in X, Iransformaliitur X^ io k; 
per transformalionem secundam seu minoris in maiorem, qua k in X,, transforma liilur 
X in k. Itaque poet traneformationem primani adhibita tacuada teu post secundam adhibita 
prima , Modulus k ia se redit , seu traiuformationes prima et secunda successice adhibitae, 
utro ordine' placet , Multiplicationem praebent. 


f 


Vocemus M' Multiplicatorem , ijui emlem moilo a X ^tendet at(|ue M^ n k ; M' Mul- 
liplicatoiem qui eodem modo a X^ jiendet al(|ue M a k; ita ut nlitineantur aec|uationes : 


dy t; ^ • «I» 

/" 1_X’]T* m/' t— »• /' 

ds I __ dy 

1 — i' /"l— k* I* 1— k'i* . 


quarum all«ra transformationi Moduli k in Modulum X jier transformationem primam, al- 
tera transformationi Moilidi X in Modulum k per transformationem secuwlam respondet. 
F.x hia arijuatioatiius provenit : 


• d s 


/' tk-m')(l_k’0 ♦ MM’/" 


unde ; 




Digitized by Google 



61 


K 

Ai «X «equiitiouu A, =: iiuitaudo k iit X, <iuo fticto K iu A, X, iu k, A, ia K, M, in M' 

abit, oitiiaelar ijua aeqoalioue comparatn cuin illa A=-~^, |irovenil 

mW = “» "“'*•'= ■ - ' 

dt nd I 

/ a-o(i->’o i (i_o(i-k*o 

Eoflem modo ex aeijaatione A = — miitauilo kin X^, quo lacto K in A,, X in k, A iu K, 
M, in M' abit, prorenit K = , qua aequatione com{>arata cum hac A,= -^, provenit 
— ^r = n; unde ridemus, duobus illis casibus post binas transformationes successive ad- 
hiiiitas multiplicari Argumentam per numemm u. . 

Ubi post transformationem Modaii k in Modulum X Modnlas X rursus in Modulum k 

transformatur, ita ut Multiplicatio proveniat, hanc -transformationem illius tupplementariam 

ad multiplicationvn seu simpKcher •uppUmmiUuiam nuncapabimns. 

' ■ 

Apponamus cum exempli 'causa tum in usum se(|uentiura formulas pro transforma- 
tione primae tupplanentaria ^ s. Moduli X in Modulum k, quae erit ipsius X secunda , eas 
tamen sub altera tantum forma imaginaria , cum reductio ad realem in promtu sil. (.luas 
coiifestim* oLtinemu> formulas | ubi iu iis, quae supra de iraasformtlione Moduli k secunda 

propositae sunt, (v. tab. U. A. §. 84) loco k pouimuaX, k loco X, loco n, M* = ■ 
loco unde = n n loco . In his fomiulis, sed iu his tantam. Modulus X vale- 
bit, nisi diserte adieetns sit Modulus k ; ceteram brevitatis causa positum y =sin am xj ; 

numero (|, ut supra, tribuendi sunt valores : I, 2, 8, ^ ^ ■ — 
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FORUULAE PRO TRANSFORMATIONE MODULI X IN MODULUM L, 
SEU PRIMAE SUPPLEMENTARIA. 


■ 27. 


= |«i 


l' = 


JiA . 4iA (o — l)iA|* 

Sto coani —— mo eoam ■ . . • • «• eoam ■■ ■ ■ s 
0^0 B J 


t fiA' 


tiA* ^ 4iA' 


Ck am .... A am 




. J 

1 . JiA* 

i SIO eoam — 
1 ** 

4iA' 
smeoam ■ 

o■•^ 

(o 1} 1 A 
. . sto eoam ....... 

oM , 

si m**"' 

4iA' 

lin ini 

1 

l “ 

• *** 

n‘ 


s 




♦. .ft,| f/ 


•in am (o tt, k) 




/i yy \ 


V 


i ^ ' ftWf " 

\ •“ *”-r/ 

1 


eos am (n u • k) s 


_/”x" . u . /u . 4iA'i . /u . 8iA'| /u ,4(o — t)iA'\ 

V T“"*”id“"‘”(3r+—)""“(ir+— ( m -+ — ; — ) 

siB*coam— -II sia* eoam I \ am* coaJt " ^ / 


_ . / l‘'X'* • / • 41A'i / n 8iA'i /■ 4(« — l)iA'. 


o S i A' t 


A am (a a» k) ; 


r — . 

V 1— X^yjrj . I 

1 sia’ eoam - 

f) 

/i_ 

1 sia’ coaai 

8 i A' 

1 

n / 



/i 

i(- 

yj \ 

' . . 5iA' 

stn’ aoi 

D / 

i-i 

f. • yr 

1 

1 ■ t 

1 *ia am — ~ 

\ n / 

. . (B-*)iA' 

MU* am 

^ U ' 


» . u . u ♦ i A‘ . / u « i A' I ^ /a 4 (a — l) i A i 


u 8iA'i 


a 4 (q — 1) i A\ 
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1 — siDam(na»k) / 

i (a u I V) V 


/ l~ks»nam(nU) k) h l—X-y 
l-f-k>ioaifi(nu, k) f 


('+-^W)(‘+— ^V'C+: — srrw) 

y »tn eoam ■■■■■ M tio coa«i ^ ^ ain coaoi - ■ ^ 

C—y -yo»»— 7 \ ; 

y sin eoam — — sio coatn — j y »in cuaiti ' J 


kin ain (n u , k) = 


kaM IluM 


(*q_l)iA’ , (*q_l)iA‘ 

COI im — i A am -i— J 


.. , C*q-l)iA' 

•'■ “> :: TY 


COI aa (n II , k) : 


(-l)~*~A/~l-yy . i^l-yy ^ 


knM 


I k o M 


(_ 1)1 am ^ a» 

n n 

no am — ■ — — I— ^ yy 


n-i . , .,0 . C8q-l)iA' _C*q-l)iA- 

. . .. (->— /V-TTTrr . */W77 ^ coiam—— 

k) + — 2 — (,,.,)iA- 


V . 




(-1)1 Ai 


— jy 
2 qi A' 


tgam(nu, H — ■ ■ + ~'' V' ’ ' S . ■ . . , 

*‘"W /l-yy. A. — 


cos' ani — am ^ i sin* am u 

a n 


Theorema analyticum generale, tranoiormationem iHam primae snp|)FementariaBi 
coiicerDcn. 1 , iam initio -mensi» Augusti a. 1827 cum G. Legendre communicavi, cuius 
etiam iile in Nota supra citata (Nova Astr. a. 1827. no. ISO) mentionem iniicere voluit. 
Simile formularum sj.slema pro transformatione ^tera .secundae supplemeotaria s. transfor- 
matione Moduli \ in Modulum k stabiliri potuisset. Quae omnia ut dilucidiora fiant, ad- 
iecta tabula formulas fundamentale.» pro transformationibus prima et secunda Mruro com- 
pleroentariis et supplcmenlariis con«pectni exponere placuit. 

, V 
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Nec nou e noinere traiufonuatiouiun imaginariarum una quaeque »uam hal>et sup- 
pleiiieutariam ad Multiplicationem. Supiiouamus , quod licet, numero» m, m' §. 20 facto- 
rem communem non haberem sit jwrro m/ — jum'=l , designauliLu» ft, /t' Dumeros inl«j- 
gros positieos ». negativo». lam si in formulis nostri.» generalibus de transformatione pro- 
positi» §. 20 »<iq. ponitur «»= > ac k et X inter se commutantur, formulas ob- 

tines, <|uae ad supplementariam transformationis pertinent. l*ositom=l, m'=0, fit 

ftz=Q, ft'=l, unde ~ ~ primae aupplemeotariam prae' 

liel, uli vidimus. 


FOKMLLAE ANALYTICAE GENERALES PRO MCLTIPLICATIONE 
FUNCTIONUM ELLIPTICARUM. 

- 28 . ’ 

K l>inis Traii.sformalionibus Supplementariis componere licet ipsas pro Multipli- 
catione formula», s. formula», (juibns functione.» ellipticae Argumenti nu per functiones 
ellipticas Argumenti u exprimuntur. Quo<l ut exemplo demonstretur. Multiplicatio- 
nem e transformatione prima eiu.s<|ue suj)plementaria componamus. Quem in finem re- 
vocetur forinulu: 

/u 1 / k" . / 4tf V . / . 8K V / . 4 (d-1)K, 

xj=(— 1 ) ' y «Iinmu«m»niju+— — — | . . . na ani 1 , 

quam etiam hunc in modum rcjiraesentare licet: 

■ x|=y -!^ n «"•"■(» +-^)i " • 

designante m numeros 0, +1, +2, ..., In bac formnf» Joco o ponamus 


2m'iK’ j u ... u . »m'iK’ 

„ -+- — — , nnde al.it in — H 


t m' i A* 


M 


: prodit 


° T— / n 2ni'iA* \ . k" « . / 2oiK.f-fni iK . 

(-1)-^. IO an. Xj=y n •>»•>" (“+ )■ 


T' 
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lani uLi et ipi m' triiuMBlar valores 0, +l,+2, ita ut utri«j«e ra, m' 

isti Goureniant valorej , facto producto o)>tineiilus‘: 

I 

ubi in allero producto numero m', in allero utrique m, m' ralores o', + t, +2, 


O — 1 


tribuendi sunt. 


At Tidimu.s §" praecedente, esse; , 

,i„sn.(nu. k)^-yf + + + , ) 

quam ita quotpie repraesentare licet formulam: 


unde iam: 

1) Mn am o 

Eodem mo<lo invenitur: 


u = (_l)V‘y^ ^nn-l 2n.K4-tn. iK j 


2 ) cot am d 




S) Asmnu =y^ (y)”""' n^»'° (u j. 
Quae facile etiam in banc formam rediguntur formulae; 


4) »ia am d u s a «ia am 


sio* 4 DI u k 

. _ ®TnK-4'2in*iK' / 

n MD’aot — 

/, Lt 1 « 2mK+2m iK’ t 

Jl — k’ain am - — — <m*atnuk 


l 


5) c#i tat B a : 


n — ^ 

* l — k*.to» 


tm K-f>tni'iK' 


2niiv^2n/iK' 
am ■ *in* am «i 


Digitized by Googie 


6) ^ am n u ac ^ ani u 


n 


1 — k' nn* eoam 


! ■ ■ 


1 — k’ sin’ am — «" «m u 


(Juilius addere placet sequente»: 


n 


. , tniK-t-8ni'iK' _ (— " 


_ . *mK + *ir’iK' /V 

8) co*’ «m ■ '— = I 


-(t) ‘ . 


• I 


9) n *’•?> — ^ — 


a n»l 



i 


' ... n — 1 

lii sex formulis postremis numero m valwes tantum posmvi 0,1, 2, 8,'..», — - — 
conTeniunt , ita tamen ut (juoties m s:; 0 et ipsi m valores tantum positivi 2, 8, 

tribuantur. Et has et alias pro Multiplicatione^ormulas iam prius Q. ylbel mutatis 
mutandis projwsuit, unde nobis breviores esse licuit. 


DE AEQUATIONU.M MODULARIUM AFFECTIBUS. 

29 . , 

Ouia eodem modo X a k atque k a X, nec non V « h',‘ k' a X' pendet; ijatel, ubi 
secundum eandem legem Modulorum scalas condas, qui in se invicem transformari pos- 
sunt, alteram Modnlum k, alteram Complementum eius k' continentem, in iis terminos 

fore eodem ordine se excipientes : . . 

. .... X. k, \. . .. 

.... X', k’, X' 

Id (juod in transformationibus secundi et tertii ordinis lam prius' a Cl. Legoudre observa- 
tum et facto calculo confirmatum est. Similia cum de omnibus Modulis transformatis et 
imaginariis valeant, patet, designante X Modulum transformatum quemlibet, aequatio- 
nes algebraicas inter k et X, seu inter u = V"k et y = quas Aequatione* Modulare* 
nuncuparimus , immutatas manere. 
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l) ubi k et X inter se couunBtentnr, 
i) ubi k' loco k, X' loco X {Moatnr. 

Alterum iara «upra in aequafionibn* Moilularibus, quae ad transformationes tertii «t quinti 
onlinis pertinent : • . 

1) n* — V* + t u V (1 — u’ V*) = 0 

*) u* _ t* q- 5 u’ »’ (u’ _ q. 4 u V (1 _ »*) = o 

ob-servarimus;, eiusque observationi» o,h! expre,s.sioues algeb.aica» pro traiuformatiouibu» 
supplementarii» exhibuimus. Ut alterum quoque his exemplis probetur, aequatione» illas 
in alias Irausformemus inter kk = u' et XX = v*, quod iion-.sine calculo prolixo fit. Quo 
sulnluctn obtiikentur aeq&ationes; 

1) (k' _ >.’)* = its k' V (t _ k*J ft _*.’)(*_ k* _ q. 8 l' 

i) 5i8k’k*{i-k)(i_k>){i.-t,'k'q-L''k*_i;"k*|, 

siquidem in secunda ponitur: 

I, =188 — 19tvq- 78a,*— 7V - ’ . 

L’ »= 198 + 858 k- _ 488 k» — 78 X» 

L' = 78 + 489 X’ — 858 X« — 198 i* 

L"= 7 — 78 X’ -1 198 X* — 188 X* . 


(,)uae in formam multo commodiorem abeunt aequationes, introductis quantitatibus 
q = 1 — 2 k’, 1 = 1 — 2 X’. Quo facto aequationes propositae evadunt:. 

I) (q-l/= 64(t-q,)(l_ll){sq-<,l} 

8! (,_!;• = 856(1-, ,)(l-ll>{l6,lt9-,l)"q.9/45_ql)(,_l)*| 

— 856(1 — — II) |405(,,q-l Oq- 486^— 9,1 (,,q-l I)—*JOq,|jq. 15^1 j,| 

Quae aequalioiies, ubi k' loco k, X' loco X ponitur, unde q in — q^, 1 in flabit, ininiu- 
tatae manent; id (juod demonstrandum erat. 

Corollarium. Quia Aequatioue.» Modulares inter q = 1 — 2 k’ et 1 = i 2 x* 

propositas formam satis commodam induere vidimus, interesse potest, et ipsa» iiinctionc» 
K, K' secnnilum (juantitatem q evolvere. Quod non ineleganter fit per series: 


K = j[l q- 




5.5.,* , 5.5.9.9.<|* ^ 

8. 4 . e' i 8.4.6.8.10.18 "*■ ' ’} 

8.S.,' , 9.9.7.7.,> _ 9.3.7.7.11.11.,’ 

8.4,6 ■*' 8.4.6.8.10 ■*" 1.4.6. ft. 10. 18. 14 



1 2 
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/ q* 6.5.9.».q* . \ 

TT t.4.6.8 ■*■ i.4.6.8.10.1* ■"*’ / 

, /q S.S.,< S.S.7.7.q> 9.8.7.7.U.JI.q» j 

+ TT ^T’*' 2.4.6 + «,4.6.8.10 ^ 2.4.6.8.10.1«. 14 ~ , 

ulli lireviiatis caiua poMtum est 

/I I — = J. . 

•/ V . ... 


30 . 

» 

Faciliori uegolio pro trausforniatioue tertii orcliui» aeijualiotiem : 

U* — T* + 2 u * (1 — u’ v') s= 0 

ita tmii.sf' 01 'mare licet, at correlatio illa inter Modulos et (.oniplementa eluceat. Ohline- 
mus euini ex illa: ‘ - 

(1 — U») (1 + t») = 1 — B* »• + * U V (1 — U’ T*) » (1 — •’ »*)(*+“ »)’ 

(1 + 0*) (1 — y*) = 1 — O* T» — « u » (1 — u* »•) = (1 — n’ v*) (1 — u 

i|uiiius in se ductis aequationilins prodii : 

(1 — u*) ri - y‘) = (1 - , 

lam .sit: 


I _ n' — k' k'> u'* 

1 — V* = A.’V = V' 




extractis radiciLus fit: 

u'* v = 1 — u’ »’. _ ' • ■ . . 

sive ■ ». ' ■ ... . • ■ • 

- u»r»4.u'*y* = /'kT+ /VV"= I, .. .. 

quam ipsam elegantissimam formulam iam Cl. Legemire exhilmil. Xeque ineleganter illa 
por forniulas nostras analylicas proluitur. Quippe »(|uil>us oasu n = S fluit: 

V* 


X K k* tin* eoam 4 « ; X* s 


A* am 4 
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node: 


/ kA. = k’ 
/■k— =. 


«iq* eoam 4 ai 3S 


k" 


k’ cof' am 4 L 
am 4 u 


« r*,| o. ^,i/ 

* W - - 'u 

# * 1 ,.? ^ . . 


un 4 M * 

uiulc cum sit: 

** '* k' k' + k ii eo»* »m4v = l»kk »in* am 4 eo = A* ani 4 w , ”* • ' j ' 

oitiinemus, ’(|aod demoDStrandam er«t: *■■■ ■ : -■ ' . V — 

/'kX+/'kT'=i. 

% 

Ut exemplo secuodo simpliciorem inter u, t, n', v' eraara ae<|intienem^ ita ago. 
Aetjuatiooem propositam: 

' U* — V* 5 tt* f ' (u* --- V*) < 4 - 4 Ut V (l — . a* »*) *= 0 . 

f 

exhibeo, ^ ut setjuitur: 

(u* — T*) (u* + 6 B* T* + T*) 4- 4 u T (1 — U« T<) = 0 . 

(|uam facile patet induere posse formas duas, sequentes: 

V 

(u* — V*) (u^. v)< BB — 4 a r;(t — »•) (ltf> »«} 

(■’ — »*Hu — tP = — 4 u T (1 4 - u«) (I — , 

quibus ih se ductis aequationibus prodit: 

(u* — »*,* = 16 u’ *• (1 — s*) (1 — y') = 16 «’ »’ B ' . 

Quia simul, ut snpra probatam est, u' in u'*, v* in V* abit, oblinemus etiam: 

(y’« _ u'*r = 16 u'* T* (1 — b’*) (I — y'*) = 16 b’’ »'* u- y*. 

Hinc facta divisione et extractis radicibus, eruitur: 

U* — U* 


J ■ f 

• ^ 

ii»e «▼(«•—▼*) = u* V (»'• — u'*) , 


»ive 


*. *’ 'c ^ * ( * . *' * ) •’**’ • 

V''kT (v^- VA.) = ‘/‘kT' I 


- • ! 
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31 . 


Alia adhuc aequationum Modulariuiu 

u* — V* + < u T (l — o* O = 0 

u* — T* + 5 n’ »* (u’ — + 4 u V (l — = 0 •“ 


insigui» proprietas vel ipso intuitu invenitur, via. immutatas eas manere, siquidem loco 
, XI, V ponatur — • Quod ut generaliter de aequationibus Modularilius demonstretur, 
adnotentur seqnentia , quae ad alias etiam quaestiones usui esse possunt. 


Ubi ponitur y = k x, obtinetur : 






unde cum simul x = 0 , y = 0 : ' 

Hinc posito 

— — =s u , I fU : V 


//(■ 


■ = ku. 


* - * 9 it 

unde X = sin am (u, k), y = sin am (k n, . Hii.c provenit ae<iu.itin: 

nn »m — k lio am (u, l). unde etiam 

COI am u , si O am (o . k) 

A am ^k u , j = co» am (u , k) 

If am ^ku, coa eoam (u. k) ' 
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Ajtl cOam |k U , Ss — ■ — ■! . ’* ■ . * 

V* > / *iO eoam (u , k) 

coycoam ^k u , ~ *8 (“» k) -- . 

. /\. ^ \ 

a eoam I k u , I = ■ , ■■ 

\ k / k eoa am (u » k) , 

• • - . * f > . , 

• * * / 1 \ —i ■*• ' ^ ' j 

1« eoam (ku, -— | = ^ ' ' ‘i ~ ’ t '■ • 

\ k / ^c<M «Mn^u^ k) . 

Pori-o ponendo i u loco a , quia CompieiiKntam Moduli fit -1^ , obtinemus «liumento 
formularum §‘ 19 : « . . 


sin am 

^ku, == coa eoam (o, k'j 

»• * ■ X •• • ' 

1 . 


\ 


cos am 

• i 


1 = am eoam (u, k ) 

t 

e 

^ am 1 

fk„ 

1- ‘ 

« ■ • * 



” j /^am(o, k) 


tg am j 

4 

(-■^i 

1 K col^coam (u« k*) 

t. 


. J 


i • . 


Ma eoam 

i 

r’—] 

' ik'1 

1 s COI ara (u • k ) 


eoa eoam 1 
A i 

.‘“■-i-J 

\ s Ita ara (a t k') 
^ am (u » k*) 

.. 

u eoam 1 


k 


ig eoam 1 

v-t) 

*= eoigam (u, k';. 


lara investigemus, quaenam evadant K, K' seu' arg. am , kj , arg. aui k'j, si- 

quidem loco k {lonitur 

. * ■ 

seu investigemus valorem 

expressionum arg. am 


V X » m. f ■ 

arg. am tl®se expressiones e notatione a CI. Legeudre adhibita forent 


F • Fit autem primum r 


./y^(i-T’)(i-^) 
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Podito y = k X , fit 


L'l alterum ematur Inlegrale 
<•) 


./ y/ (t-T') («-f) Y/ 

/ 2 — , ponamiu y = / l — k' k' x’ 


— kdx 


= / 1 — k' k' x’ , unde 
lan quia x inde a 0 «»que ad 1 crescit , si- 


mnl ntque y inde a 1 usque k decrescit", oblinemus; 

/»' dy _ . P' ■»y „ i = i k k', 

Hinc prodit arg.«m(f, i-) = k {arg. am (-f' , k)-f- i arg. am(^ , k')| = k{K-t-iK'}, 
sive ubi k in mutatur, abit K in k |k iK |. 

Posito secundo loco y = cos<p, fil:^ 

r -ly k k. 

.//(t-r’X‘+-ki"’^’) s/ y l-Vk-dn«>’ . 

,rg. = k Tg. .m(^. k) = k K'. 

seu ubi k in mutatur, abit K' in k K'. 

Generaliter igitur mutato k in -J- aliit m K -t- i m K in k|mK-+-(m-t-m)iK|, 

.i. o«- i| i" -i" -H ■ “ 

mtala »in eoam (^k u, ^ 


uiule: 


tiM cMin 

i l ' 


siu co«m (u , k) 
kp ^mK + (in +-ni)iK ) 1 

D k 

I 


l » 


»in cotin 


p K.^(0i ^ m) 1 It ) 
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. • . < 1 .^ niK + n/ik' m K^(in4>iii')iK' 

lani igihir^ po»ilo — — = t 0 , - ^ expressio 

X ss k* ^ttn eoam C « tra eoam 4 ai «in eoam 6 w .... «in eoam (n — I) w|*> * 

mutato k iu in lianc abit: 


k”|sin eoam t ai, «in eoam 4 •* «in eoam 6 i». 


(„ _ ,) «j* ’ 


ulli ft et ipsa est radix aequatioiiu Modularis, seu e Modulorum numero, iu i|uos per 
iransformalioHem u" ordiuu Modulum propositum k transformare licet. Namque e rak>- 
rilius, quos w induere potest, ut prodeat Modulus transformatus, erit etiam ille u. Unde 

iaui causa patet , cu^ generaliter Aequationes Modulares mutato k ia , X in immu- 
tatae iiiaiiere delieaut. 

Aduotalio adhuc, nlii secundum eandem transformatiouis legem quampiam simul 
transformatur k in k***’, X in X**”*, quoties k'*’ loco k ponatur, etiam X in X'~’ ahire; 
unde aequationes Modularas ubi simul k in k'***, X in X’"’ mutator, im^iUtatae manere de- 
bent. Ita ex. g. aequatio /' kX-t-*/' k'X'=: 1, quae est pro'' .isformatione tertii ordi- 

’ ^ . I * I x' 

Ilis immutata manere delict , ubi loco k , X re.sp. ponitur , , unde loco k', X' 

4 k 1 A 

|K>netur , iil <|uod per translbrma'‘oncm secandi ordinis fieri notum est. 


Ouippe aeipialio i/"k X /"k' X' = l in hanc abit : 
/ (i-V)(i-x ') . - t'/V7T ■' 


= 1 , sive 


^ v^Tt+Tkh^ 

Qua in se ipsa dncta proilit: 

4/'rir= t(t+vv> — *i\. .1« kx = i+k'x'-*/Vj7; 
qnae extractis radicibus in projiositam redit: 

«Iv« /wr+/k— .1. 

t.luod exemplum iam a Cl. Legendre propositum est. Generaliter autem de compositione 
transformationum probari potest, transformationibus duabus' ant pluribus successive adhi- 
bitis, ad eandem perveniri, quncuiiqne illae adbibeanlnr onliiie. 

K 
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32 . 

, Al iiilcr atf'eciii5 Ati|ualioiium IModularium ici maxime mcmoraliile au .liuijuliire mihi 
videor auiaiadverlere , quod eidem omnea Aequationi Dijfferentiali Tertii Ordi/iia satitfaciant. 
Cniu.s tamen investigatio paullo loiigjus repetenda erit. 

.''.Tli.s notum est ♦), posito a K -t- 1> K' = (,), fore: 


i (t-k*) — + ti-Sk’) = k y. 


JQ 

<ik 


designanlthus a, L Constantes (juaslibet. Ita etiam posito a' K -(-i/ K' =(,)', designa iiliiius 
a', l>' alias (Jonstautes c|iiasliket, erit 

k (i-k*) -^ + (i_»k») * k y. 

Ouihus romhinatis accjualiouibus, obtinetur : 

k ( 1 — k*j !q y' ■ 1 2 l .p (i—sk’) *y ‘‘.9— — yjL^t — o. 

' ■' p dk' ^ dk* t ^ dk ) 

unde integratione facta: ' 

kc,-k>) {y ^ - y = (.b'-/b,k(,_k-) (k K = (.v-.'b) c. ^ 

Couslaus (i a Cl. Legendre c casu speciali inventa est = — , unde iani 


yjl91_yjiiL 

^ dk dk 


— T (a b' — a' b) 


k(l-k>) 


Q' 


— ff {a b'-— a* b) d k 


• y k(i_k’)yy 

.Similiter designante X alinm Modulum cjuemlibet , erit posito a A -t- /3 A' = L , 
»' A -t- Z?" a” = L' , 

L' 




' I. ~ A.(l — V)LI, 

Sit X Modulus in quem k per trauslbrmatiouem primam n'* .ordinis traiislorniatur ; sit 
porro 0 = K, Q' = K', L = A, I/ = A'; erit: ’ 

r.’ A' n K' n y 


•) a. Ugtndn Trah< dei F. E. Tom. I. Cip. XllI. 
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unde 


n Jk 


dX 


k(|.k’)KK X(l— X*, AA 


InTeiiimus autem pro ca transformatione A = -4^ , unde iam : 

uM ' 

M M = JL *■(«-*■*)■>*» 

n • k(l-l>)dX • ‘ 

In Iritnsforniatione secunda Tidioius esse ■■ 0‘ . = — — . a = — !^ unde- 

.. .-n , A, B K » ' — M ’ • 


<lk 


D dX 


unde et Ilie: 


k(l_r)KK A(l — \’)A.A 


M M 


' .1'^ i>-. 1111 ■ 

• > .111 I U-lli.i:. UlUlK 

. . t 


n ■ k{l — k’)dX, ■ 

Oeneraliler aufeiii, t|uicum|uc sit Modulns'X, sire realis sive imaginarius, in (|inin per 
traiisfomiatinneiii u“ ordinis transiomiari potest Modulus propositus k, faleliit oe(|uatii>:' 




n ■ X(t_X*)dk 

Ouod Ut prolietur, adnolabo generaliter obtineri ae<|untionps formae; 


1 A + i fl .Y 1 


aK-f ibK' 


bM • 

\ .»1 i / > „ k ; 

» A* _l_ • V A » K’ + I b* K 

«A + ijS^A .= 2 - 

n M 


designantibus a, a', «, a' numeros impares, b, b', /3, 0^ numeros pares, utros<|ue positivos 
vel negativos eiusinoili , ut sit aa' -f- bb' = 1 , ««'-t- /3/3' = t *). Hinc|>osito; 


a K + i b K' = y . a' K' + i b' K = y 
«A + iflA'i=L. «’A' i/T A I/. 


obtinemus , (|uia aa' -4- b I/ = l , ait - 4 - Bff = 1 ; 


d-21^ 


— a ?r d k 

ik(i_k’)Qg ’ 


— irdX 


«X(l— X*)Lt * 


Accuratior numerorum a, a, b, b'cet* cela d^ienninatio pro «ingulit etutileni onllai» Irafufoririallouibub 
vibu» Uborere dinicullalibu* ridetor. Immo baec delermioalTo , nUi rgirgie fallimur, ttlAvime a llmitibu» p«a- 
dria inter <|uo» Modulut k versatur, ita ut pro limitibus diversH plane alia evadat. Id quod quam inlflcatam 
reddat quaeMionem, evpcrtus cognoscet. Ante omnia autem Mcuralius io naturam Modulorum imaginariorum 
inquirendum esse videtur, quae adbuc tota iacei quaestio. o 

K 2 
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uuthj cuai sit : 


MM = — 


L = , geaeraliter fit : 

X(l-X*)<tk ' '• 


k(l-k*JdX 

Adiiotabo acUiuc, aequaliouem inTeotam ita qucxjue exhilxcri |K>iuie: 

1 X’(l-X*)d(k’) t vg-x-^ydCk-)' 

• o ■ k’(l — k’)d(X*) D ■ k'(l — k'*)d(X'*) ’ 

uiiile videmus, expicuioaem MM non mutari, ubi loco k, X (xjuiplcuicula puuuiilur k', X', 
sive quod supra demonstravimus, transformationibus complementariis , sigiii ratione iioii 
habita, euudem esse multiplicatorem M. Porro mutaudo k in X, X iu k , (juo facto trans- 
formatio iii suppleiueatariam abit, mutatur ]M M iii 

t k(l_k’)dX I .... 1 


D X(I_X’)dk 


nnM M y . 


M io 


oM 


quod, et ipsum supra probatum est. 


33. 

Posito Q = aK -t- bK’, L = aA iSa', Constantes a, b, «, 0 ita senq>er deter- 
niiuare licet, utsitL = -^, sive(,) = ML. Porro halmntur aequationes: 

t) (k-k‘)-^-Mt-Sk')-^-kQ = 0 
a*L aL *“ 

i) ,X-X.)-^ + (l_SX-)__XL = 0. . 

(juas etiam hunc in modum reprac.sentare licetf > ■ . 

(k_k')dQ 

»)-d- 


dk 


4) d. 


dk 

(X — X*)dL 

3x — 


dX 


— ko = 0 


— XL = 0. 


Sulistituamus in aequatione: 


(k-k*)-^ + (I-Jk*) -1^- - kQ = 0 
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Qs=MLy (MPodit: • ' 

f ■, 

qua per M multiplicata, obtioemu»: 


I d’M dM 

5) LM |(V-k>) 4^ + (l-Sk>) 


dk' 




(k-k‘;M’dL 

dk 


At e §* antecedente fit: 


M' ; 


(X — k’)dk 


n(k— k')dX ■ 

Porro ex aequatione 4) fit: 


unde 


(k-k*)M’dL 

dk 


dk 


(X — X‘)dL 

ndX 


— O. 


(X— X’)dL 
dX 


(k_k*)M’dL 

dk 


•| = xi.dx, unde 

(X — X*)dL 


= d 


dx 


XLdX 
n d k 


KdK 

odk 


ss 0. 


dk ndk 

Hinc aequatio 6) dirisa per L in hanc abit: 

6) M |(k_k>) + (1-Sk-) _'kM| + 

Ubi io hac aequatione valor ipsius M ex aecjuatione M’ =: sulmtituitur , ni>- 

tinetur aequatio differeotialis inter ipsos Modulos k, X, 'quam facile patet ad ordinem ter< 

« 

tium ascendere. Facto calculo paulio molesto invCnitar; 

„ 8d‘x* *dx d>x ^ dX' //t+k\* /1+X*v> dx*i 

^ ^Tki dr'7kr + -nr{(k^.)-&j-lF} = “ 

In hac aequatione dk ut differeutiale constans con.sideratum est. Ouam ubi in abam trans- 
formare placet, in qua differeutiale nnllum constans positum est, poneodum erit: 

dXd‘k 


unde: 


d’x 

TF 

d'X 

"dF 


8d’X* 

TF* 


d’X 

dk' 

d>X 

■JF 


dk' 

8d'Xd’k 

dF 


dXd'k 8dXd'k’ 

~dF~ + ' 


tdX d’X 

“dk~‘TF 


8d'X' 

dk* 


dk' 


8dX'd»k' ^ *dX’d'k 


dk* 


dk' 


*dXd'X 

dk* 
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Hiui aetjuatio mnUiplicata per dk‘ in »e({ueoteni aLat, in (|ua iliffiteeiitiale lOulkim 
constans positum est, vel in qua ut tale, quo<kuni|ue placet, considerari potest: 

, 8) s{<u’a’x*_dx*d>i’| - sdkdx|dkd'x-dxd'k| + dk*dx>|^J^|j’dk*-(i^j'dx'| = o. 

Hanc |>atet, clementis k et X inter se commutatis, immutatam manere aequationem, id 
quod supra de Aequationibus Jlodularibns proliavimus. ' ^ 

* 

‘ * Operae pretium est, alia odliuc methodo aequationem illam dilTereiilialem tertii 

' ordinis investigare. Quem in lluem introducamus iii aequationem, unde proficiscimur : 

* d’0 dO 

• _ ■ . .V . , ; 

quantitatem (k — k*) QQ = .s. hit 

<1 1 " * 

^ = _6kQQ ^-4(l-Sk•)QdQ + ^(k-k')(^]’+*(k-l’)y4^'• 

Oua iii neipialione ul>i ponitur: , . . 

^ = -UQQ+S(l-Sk’)Q4f + *(k-k<)(if)’ 

= 8.^{(l-Sk’)Q + (k_k‘).^| - 4UJQ. ' . . 

Qua aequatione ducia iu 2s = 2(k — k’)QQ, olilinetur: . 

h£l. = s(k_k')Q ^(j(i_5k’)gy + *fk-k’)g.^l _ 8k>(i-k)g*. 

dk’ dk<- •« «■! 


sive cum Al: 


t(k_k<) g - (i-sk’)gg 

j(i-sk’; gg + * (k-k')g + (i-3k>)gg, 


olilinemus : 


S.d* 


(i_Sk*)’g* - »k><l-k’)g* = (l + kvg*. seu 


dk’ \dkt^'k — kv 
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laui vero posilo a'K - 4 -l)'K' = (/, = t, vidimus esse "** 


dk 


(i>-k')QQ 


deMgiiautc m Cou.stautcm; uuJe » = ' . Aequalioiiem 9) iu aliam trauslbniicniu^, 

lu qua dt cotwlaos positum est. Erit ^ qu.bus 

.sulislitutis ex aetjuatioiie 9} prodit: 
td‘k 


*d‘k Sd'k’ Y‘ + ^*l’ ■ . 

j?7r ^ di-dk’'"*" (rrr^ Ti^ . 

10, *d'kd k - Sd'k’ + = Oi 

ulli secundum t, (juod ex aequatione' evasil, diiFereuliaudum esi. 


• I 
. • 


Pouendo = >*i Constante* a, S, ff, quoties X esI Modidus iraus- 

lorniatus, ita determinari poterunt, ut sit t = w; nec non simili modo oiitinemus: * 

11) * d'X d X — S d’ X’ + <1 >•' = 0. 

in qua ae(|ualione et ipsa secundum w = t dilTereutiandum erit.' Alultiplicclur aeijuatio 
lO) per d X’, aequatio, ll) per dk‘; subtractione facta obtinetur: 

11 ) *dkdx|<lxd'k — dkd'x| — sjdx'd’k’ — dk*d’X*| + = 0- 

At hacc ne<|uatio cum aeijuatione '8) convenit, in tpia scimus, dilTerentlule quo<lcun(|uv 
placeat tamijuam constans considerari posse, - ideo<|uc et.si inventa sit sup|>ositione facta, 
dt esse dilFercntiele constans, valebit etiam, quodcuuijue aliud nt tale consideratur. 


Ecce igitur aequationem dilTereulialem tertii ordinis, quae innumeras hal»ei solu- 
tiones algebraicas, particulares tamen, viz. .\equationes quas diximus Modulares. ,\t In- 

tegrale completum a functionibus ellipticis pendet; quipjie quod est t = «, sive * ^ 

~ • ** q] etiam repraesentare licet ae(|uationem: 

rn K A + m' K' A' + m" K A* ^ m*" K' A a= 0 , 

designantibus m , m’, ni", m*" Constantes Arbitrarias. Ouam integrationem altissimae in- 
daginis esse censemus. 
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lumiirere ponsemns, an Aequatimes Modular*» pro tnuutformatioutbua tertii et 
quinti ordinia reapse, quod debent, ae<iuatioiii nostrae (UfFerentiali tertii ordini» satis- 
faciant. Oi«x> cum nimis prolixo» calculos sibi poscere videatur, nlem de transfor- 

* mafione secundi ordinis, nbi X = -|^ , demonstrare sufficiat. • 

Consideretur dk' ut constans, fit: 


X- = 1-t- 

t 

k k + k'k' = t 


X - = + 

t+k' 


dA. — t 


dk -k' • 


“dk' ~ (i+k/ , 


"dP k 


d'X 4 


d’k — t 

kk - 1 

■dlF “(l-t-k')> 


d k’ “ k 

k' ~ k> 

d'X —1* 

"dk^ - (1-t-k'j* 


d'k 3k 

dk’ ~ k’ ■ 

r 


Hinc fit: 

<lk’d'X’ — SX’d’k’ 16k'k' 4 

dk^ ~ f(t-t-l'r t*(l + 0 

4{k*k”-(l + ky} ■ 4(k'’(l-ky-l} 

“ k-(iq.k'7 k*(i+t'r ■ 

• l’orro obtinetur : • 

dkd'X — dxd*k l»k’ 6k' _ 6k' {»tl - k)'q-lj 

* “ TII+TF W+i? k‘(l-k)' 

dkdx{dkd'X — dXd'k} _ t»k ' {t(l — k')’ — t} 
jlT k‘(l + k‘;‘ 

B{dk’d'x* — dx’d*k’} — * JkdxjdkdU — dXd’k| ^ IJ(*k'* — t) 
unde dk'* °° k*(l+k')4 


Porro fit 


unde: 


, dk’ _ (i+kV ■ ■■ ■ ' 

U-k>/ dk’’ k*k'‘ . ■ 

/l+x’,’dx’ 4 |i + k*i*t i-flt'* I* (t-t-t'y 

(rTv; 7 P “ (T+T 7 ‘ ^ I -t'/ \~iir~ I V k* • • 


il-(-k’|’dk’ (H-X’,’dX* _ »( l-«k") 

j ki:nr'/ IF U->.’t «t*.- 

dk’dx’ (/l-J-k’!’ dk’ /H-X’v dx’ I _ l«(l-«k'’j 

i k’. ■■ ul 3 r>; dk'’~U_x'/ dx-’) k"(i+k')* 
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Hinc laiiilem fit, quod deL«t: , ^ 

_ tdkdA {dkd'*._dXd-kj 

dk'* ■ 

dk»dX» + ^k» /'1 + **1* dV I _ «(*k >_l) H(l_tk'-) 

^ dk* Uk-k>/ dk'* U-^7 dk-*/ ~ k*?l + kV + Tvi + k-)*" 

Ul.i methodi expeditae io promtu ebseul, si (fiias aequatio differentiali» solulioues alge- 
Lraicas habet, eas eruendi omnes: e sola a«iuatioiie differeutiaK a nobi» proposita Aequa- 
tiones Modulares, quae singulos transformationum ordines spectant, elicere |>Atsenin» omnes. 
Ouam tamen materiem arduam qui attigerit, praeter Cl. Condorcet, scio neminem, atten- 
tione Analystnrum dignam. • 


Ilia 34. 


Aequatio supra iurenla : 




mm = -L. 


dk 


. X 
' b t 


kci-kb) \dx • . 

H-* - 

cuius ope ex Aequatione MmluJari inventa statim etiam quantitatem M determinare licet, 
digna e.sse videtur, cui adhuc paulis^ier immoreniur. Non |>atet primo aspectu , quomodo 
valores ({uantitatis M in transformationibus tertii et quinti oniinis inventi cura aequatione 
illa conveniant. Ouod igitur accuratius' examinemus. 

a) In transformatione tertii ordinis, posito u = y^k, v^/lTinvenimus: 

V (l — u’»*) = 0. 

V- J f .i V • tlvi Iilil-i- ••■t..' t . ... I -.,‘i 

quam ita quoque exhibuimus aequationem §.16: 

Porro fieri vidimus: . -r ■ 


S) M = 


2«< — u 


r-t-tu* 


Differentiata aequatione 1) obtinemus: 


d ti t n ^ 8 0* V* 

dv J u’ + T — 8 o*¥’ 
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sive loco S posilo ^ ~) (~4l — ) ' 


♦) 


*v' — u l + ii’»’+2u‘v ' 


d» 2u‘ + v ’ 14 -u’v’ — *o»’ 

Ex ae<|natione l)' sequitur: . * 1 ' ■ 

1 — u' = (1 + u») [l— V* q- *u» (1 — u’v’;J , , 

, ^ s 1 — o*\» + u' — v* + Suv(l + u*y(l~u’y’ 

= l_u*y»-(-gu'v(l— n’v’; = (1— uV)(t+u’y'+2u*v). 

Eodem uioclo iuveoilur : \ , . 

1 — v" = (1 — u’v*)(l + u*v“ — £u»*), 

aiule 

sive ex aetiualione 4): 

l_u' l + u‘»’ + *u‘v ' 

1 — »"du 2y* — u 

1 — u* " dr ~ tu*q-* 

Qua acijualtoue ducta in 




Su (*u> + T)(*Y>— a) 


prodit : 


1 du X(l — ».X) 

S ' w (1 — u") ' d T 3 * k — It k) 

Q. D. E. . 




is M M , 


6) In transformatione 9ui/>t( ordinis, posito u=/TT, invenimus: 

^ . I 

1) u" — V* + Su’v’(u’— V*) + 4nv(l -•u*v').= 0, 

quam his etiam modis exhibuimus aetjuationcm $$. 1 6. 30 : 


t) U + v‘ V— u* 
u(I4"0*^) v(l — av>) 

3) (u* — 16u»v*(l— u‘}(l — v"). 


Porro invenimus: 


4) M = 


v(l — IIV*) 


» — u* 5u(l-|-n»v) 
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UifiPereiitiRta aetjuatioDe S), oLtineinu.'; ; * 

6ut(1— U*)(I — T*}(udu — .T d v) = • 

ii(u* — V^CI — «•){! — 5 »')dT + t(u* — Od— v")(l_Ju<)du, 

5) »(l — t‘){5u’ — a« + v* — 5B»v’Jdu = u(t — — ,>» + u*_ 5u> v*jd v. 

Aequatione 1) ducta in u% v*, eruitur:, - ^ 

5ii* — u" + = (1 — u*y'){v’ + 5u> + 4u>») 

5v’ — t'“ + n> — 5u*v* = (I — u*v*)(u> + 5«’ — 4u »>), 

s 

unde ae<|uatio 5) in hanc abit: 

fi>, V(t — V*) dll ^ B«-f.5«»_ 4uT» 

u(I — u') ■ dT ^ >’ -f- Su*q- 4 u>t ■ 

f ^ ' 

rouati.r n -4 -v‘ = A, u- 4 -uV = B, t — u‘ = G, v_uV = D, ita ut: 


AC 

Bl> 

U 

C 


= S . sire A C = 5 n D 


5B 


= M: 


erit: 

.. 7 ) 


u’ + 5 t’ — 4u u A 4- $r u 
>*4-5ii’-f-4u>v = vC4>5uB, 


r*) _d^_j^jf5vO _ uAB+yAC P 
u(l_u') ■ ilv tC-)-5uB vCD + uAC ’ TT 

uB-fvC AD AD 
^ — =-_=:SMM. 


»0 + uA ■ BC BC 

Fit enim: ■ ^ 

bB4"vC — yD^uA — iia4>TY 

Unde etiam: i 


MM=_L O _ 1 A(1_AX) dl" 

5 u(I— «*) • ,1 y 5 ■ k(l — kk) ■ 'dk 


0. D. E. 


I \ 


L 2 
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THEORIA EVOLUTIONIS FUNCTIONUM ELLIPTICARUM. 


DF. KVOl.UTIONE FUNCTIONUM ELLIPTICARUM IN PRODUCTA 

INFINITA. 


35. 

Proposito Modulo k reali , uuilale minore, videmus McKlukim 


= k” l^iin 


tK 


4K 


(t-UK 1« 
" /■ 


in quem illfe per transformationem primam n“ ordinis mutatur, cre.sL'enle numero n, ce- 
lerrime ad nihilum convergere; adeoque pro limite n=: 00 , fieri X = 0. Tum erit 

A = amfu, X) = u, unde e formulis A = a'= obtinemus: 

X nM M 


nM 


tK 


A' 


K' 

7m 


wK' 
tK ‘ 


Ponamus iam in formulis pro transformatione primae supplementaria §. 26 loco u, 

n = OO : abit am , xj in am , x| = y sin am x) in .sin ; porro 

am (n n) in am (u) . Hinc e formulis illis nanciscimur sequentes : 
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V 


4^ am u 


(' 




1 . «ia am 
1-^MD ani 


1 — k«ia amu 
1-^k linam u 


— hw-y-- 

\ “*•— /\ "‘--K-/\ «*•— / 

birW‘- — ■ • 

\ "*■ *K /\ ”*■ JK /\ JK f 


■la *m n s — 


»y 

kK 


i«K’ 

2K 


5i>rK' 

' 1 k~ 


COI oin u =: 


kK 


— ^U'+ — sW-j('+ — hnu-]- 

\ ^ -JiT f\ '---«r / 

( 

I 


<K 

iirK' 
■ *K 


. 5 i ir K' 

«n . — y V 

*K 


5ii.K' 

' »K 


Si.rK’ 

*K 


. , >wK 

«« •-TiT-yj' 


S i ir K' 

' TiT' 


5 i n K 
*K 


— »K' 


Ponamus in aet|uo0tibas e ^ = x , »i>e n = 


2 K« 


iru 

y = sin Yg* = X ; fit : 


miwK* ^ q*® — q“" 


K ii 

mi«K' _ q”*^q™* 


id-V”) 

*q" 

*+ 3 ’" 


') 


un<le 


andc: 


jy 


mifrK* 


= « + 


4 q* «Io 

ir=7=T 


1 — l<)’”'eoi*«-f q"" 
-d- 4 ’*)’ 
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l ± 


y 


miff K 

K 

ni li?K' 


l ± 


4q*“llo.’ l + gq»"eoi»» + q«* 

” ( 1 + 1 ’"/ 

Sq^sins 


‘ , ~ ‘ " (1 + h ’"/ (1 + 1 ’"/ 

K- • • . 


l + q>' 


«q"(l + q’") 


1 + 1 ” 


itrk 


•-yy 


iiiirK 

~K 


m i rr K 

•in’.— r yy 


1 — . 8 q' *” cAi 2 X q* 


8 q«(l— q*W) 

1 — 8 q’® CO* 2 * + q* 


Ilis jjrBqwratis, otcjue posito l»res'it.nis causa: 
( (l-q)(l-q’)(l-i‘) •■ I’ 

l (i-q’Ki-iV(i-i‘) •• I 


H =r 


( (i-q)(i-q’)(i-i’) •• i’ 
l a+q’Ki+i*)(i+i‘i •• I 


_ I (l-q)(l-q»)(l-q ) ]' 

~ \ (1+q) (i+H‘) ci+q‘) • • I ’ 


prodeunt Functionum Ellipticarum evolutiones ia Producta Infinita fiindameulales : 


1) itn »m 


8 ) co«Ani 


*Ki 2AK , (1 — »q’ coig « + q* ) (l — »q*coi»t + q*)(l — gq*eo>ti + q'*) 

= ■(1^2qcorSx4-q')(l— *q'CO>Sx+q")(l — 2q‘coi2» + q") 

2 K 
tr 


a+2q’eo>g»+q*)(i+tq*co«*» +q*) (i +tq'.°»^«+g'’) ■ 

“"“•■(l_2qco.2.+ 0(l-2q’c<..2t + q-) (l- 2q* c« 2. + q'») . 


S) A xm ■ 


2Ki 


Cl + 2qco«2» + q*)(l + 2q'coi2l + q *) (l+2q‘coi2i+q'*j . 
*' • "(I^2q ciigii + q”) (1 - 2 q’ co. 2 1 + q‘) (1 — 2 q> co. 2 1 +- q'») . 


1 — /l — Miix (1— 2q»iin+q' )(l — 2q’iio» + q«) (1— 2q’ »in«-^q «) 

iirr* V 1 + »in ^ ’ (l+*qrin«+q’) (l + *q’s'n» + q')(l+*q’»t"« + q") 

1 + sinam.— 


8 K 


J sin am - 


8 Kx 


V 


1 4* am - 


SKi 


(l — 8 V q sini4~q) 


-2/ q *»mx-t-q')(l— 2/~ q* 9tn X H~q*) 


q »inx + q) (l + 2V^^»in J + q’) («+*/' q'sinx +q*) ■ 
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Nec nou aliud foniiularum sy.^teuia, (juod rMolntiouem prupositarum iu IraclioneN 
plice.4 !iup()e<lilal : , * ^ ^ 

^ ' w kK V 1 — *qco»*« + ii* l_*q'coiS«-k-q" 1— S q‘co.*. + q‘” ’ j 


' ^ q[i-q) V q‘(i-q') • ✓ q’ti-q‘) _ \ 

COiani ^ CO« ^ 1— tqcn»J*4*q* 1 — Xq^cOjSi + q" * — tq*coata + q** * / 




; OuiLu.s addimus ex eodem ibute manautc.s: 


<Ki 


.. . . -- d-ai-) _ • 

ff K \ 1 — 8 1 | co* 2 1 -f- 1 — 2q'co*2x-f-(j" 1— 8q'coj2ji*+-q*® ’/ 

9) an,^=±. + »Ar«i,. | V . , ArC, . i ‘ - + ’» ■ ') + g A». t . 

Iu formula postrema signum superius eligendum est , (juolies io termino negativo , inferius 
(|iioties in termino positivo computationem sistis. 


36 . — . 

(.'outcmplemur formulas l) — S)>' in quiliusaute omnia (juautitatum, (juas per A, 
B, C designavimus valores eruendi sunt. Facile (|uidciii invenitur ponendo x =-^, o 
formulis 3), l): ' 

(l + q)(I-q’)(t + q‘) ... 1 ■ . 

unde C = i/TT ; 

_ «AK ( (iq.q’)(l+,«)(l + g>) «AK £ ^ i/^k^AK 

'T la+qHH-q’Hl+q') .*./ * ‘B .rB ’ 

8 j\ IC 

unde B = ^ . At ut ipsius A eruatur valor, ad alia artificia confugiendum est. 


Fonamus e = U : ubi x m x -j- -jjj- mutatur, abit U in i/^U, .sin aiii iu • 

/■8Ki . 

sio »ml — - -f- iK I = 


V *in am • 


2Ki 
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K fofmnia 1) aotem obtinemus: 


IK< AK/U-U-^ .■HcWU-ki-^u-»)..) 


iirK* 


unile mutando x in 'x • 

7“ 


k lin ant 

?T 

% 

quit)us iD se ductis aenuationibus , tum sil: 


tTTU-/^ q-‘U-‘ _ ^ t-stJ’ 
uTu’ u-u- 


prodit : 


l 

*r ^ 

—(■ 
Vq ' 

: erit 

B = 

t 

2Ki 

Mn am 

.ir 


£Ki 

COI 

?r 

am 

IKx 


^V' q 


tKA «V^q 


1 gy*7.in.fi— «q*eo.li-4-q*^(i— «q*co»*«+q*)(t-»-*q*t"«»«-bq'*) 

~ • (l_*qco«*l + q*)(l — *q'coitl+q‘)(t— *q‘«i»t. + q») .. . 

"E (rZTq7irj'ti + q’)Cl-*q'coi»i + q*)Cl— q*eo.*i + q'") . . . 

y-ir 'd +*4 COI t,^q»)(l.^.gq'C 0 l»i 4 -q*)(l+«q’CP«»»-f q‘*) • •• 

= _ t q eofii + q’) (I — S q’ co»** + q*)(t — *<l‘ «• ** + t") • • • 


At(|antioDibiis in se ductis: 

/ T _ I (l-q}(l-q’Ht-V) 

B_*V qy Y~ \ (i+q'Ki+q‘)(i+q*) 


V' k' 


_ I (l-g)(l-q«)(l-q‘)... |* 

~\ (i+q)(l+q’)(i+<t‘3- • »’ 


prodit : 

/r 


l(i-qHt-qW-s‘) ■ 

iti+q>a+q’)(»+q’) • •}' 
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lam rero necandum JSuUrum in Introd. (dt Partition, Numerorum) e»t: 

(»+<l)(t+q*Ki+*’) . . . = (>—<»*)(»— s*](«-q*) ... 

— <l)a— q’)(l — q*) ... 

1 

(« — q) (l-q*) (I-q‘f... ’ 


unde oblinemus; 

1) {a-q)(l-q')(l-,')CI-,’) ..}• 

Adrocata formulu ; • 


/r 


_ .( (»-q)(i— q»)(»-q») .. i’ 
/T:k ' (i-q^Ki-q-m-q*; . . / ' 


fit; 


*) {(l-q*)(l-q*)(l-q*)(l_,«) . .}• = 


»tk'K' 

«•/V 


unde etiam : 


5) {(l-.0(l-q’)(l-q*)(l-q‘) . .}• = 

n>/q 

Quibus addere licet, quae facile seq\iuntur, formulas : 

*) {(« + q)a + q>)(H-,»)(l + ,’)..)* = l^^ 

/kk' 

*) {O-Hia+q^Ki+q^ld+q") . . {' = - 

4/V q 

6) {(t+qlCi+q^d+q-Kt+qs)..]*- 


tk'V q 

E quibus etiam colligitur: 

7) k = 4 /•, f a+q')(»+q *)(i+q-).. \' 

’ l (H-q)a+q’)(i+q‘) .. I 

I (1— q)(l-ql)(l-q.) .. >. 

l (1+q) (1 + q’l a + Q>) . . I 


9) UL= ! (>-oa-q*)(i-q‘. 


a+<0(l + q')(l + q*) 

(l-q»)(l-q«)(l-q«) 


10 ) 


= 4 /'« / g-q*)(»-q’)(i-q‘’) 
" l (»-q')(i-q‘Ki-q“) 


• r/ (»+q)(« + q')(i-hq»).. 


• f 


(>+q’)(i + q’)(i+q*) . . I 


M 
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Ik'K 


./--I 




<l-q)(l-q»)(l-q') 


(i+q) (H-q’)(i-|-".*) 


IS) 


s/Tk ( 0-rXi-q*X*-q‘) ■ 

» \o+q’Xi + q*Ki+q') • 


rf 


M' 

■ ) 


'K formulis 7), 8) sequilur aequatio ideulica snlis abstrusa: 
14) {(i-qKi-q^ti-q') • + isq{(i+q’)(i + q«)(‘ + q*) • • }’ 

{(i+q){l+q')(i+q') ••}’■ 


37. 

Vidimus supra, ubi de proprietatibus ari(uatioiiuui Modularium actum est, mu- 
tato k iu abire K in k (K-»-iJv')» K.' in kK'; porro fieri; 


»in im ^ku. — eo» eo»m (u, k'j 

COODI ^ku, — eo*m (“. 

^ “”(k"-4-)= A.m(... ky 

(JommutQtis inter se k et k', hinc sequitur, ulii k' in seu k iii alicat, simul abire 
K in k'K, K' in k' (K'- 4 -iK); porro fieri: 

/ l - \ 

iin tm Ik U| - I sc 

cosftin ^k'u, ■ ^ : 

A am (k'u. = —T— 

\ k / A am 


cc$ eoam u 


ain eoam u 


unde etiam: 
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— ttK' 
K 


At mutato K in k' K, K' iu k'(K' i K). abit = e uode vice vem fluit 

T H E O K E W A 1. 

Mutato ij in — q abit: 

. • ik 1 

• ~p“’ * -Jr 

K in k' K, K' in k' (K'+ iK) 


^ am 


2K. 

2K. 

n 

ir 

SKk 

. . tK. 

w 

IA MB coatn »•— " ■' 

n 

>K< 

* 

tr 

* *Ki 

^ am 

2r 


tKx 

ir 

IO coaiB ' j 

S * 

/ 

- q. 

X in — X, abit ; 

2Ki 

W f K I 


t w 

tKt 

8Ki 

w 

iii cos aoi 

IT 

tK> 

. . 2K« 

«r 

T 

tKi 

in ^ A SKi 

ir 

t' -r 


Inquiramus adhuc, quasnam FunclioiiPs Ellijilitac, imitato q vel in q* vel i„ 
/' q, sulieant mutationes. 

Vidimus supra, Modulum X, per transformntiomni realem primam n’‘ onlinis a 
Modulo k derivatum, ea insioiii gaudere raailtalc, ut sil: 


A' 

A 


K' 

T" 


unde mutato k iu X, abit q = e 


K'v 

K~ 


in q". Idem, a nobis de trniislbmiationibiis 
M 2 
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imparis ordinL; generaliter probatum, iam duJuui a CI. Legeudre <le transformatione se- 
cnucli ordinis probatum cs(, videlicet posito X == fleri: 

. = (±H1)k. 4 = ..4-. 


unde videmus, mutato k in 


abire q in q*. Hinc vice versa o]>tinemus 


t— k’ 

ThT" 

THEOREMA II. 


„ Mutato q iu (j’ al«t k in K in ’ 

unde etiam: 


. * s^-k' 

1 + k in 

S 

l+k' 

i+k' 

k|K >0 v^k'K 

1 — k in 

tk' 

i+k‘ 

k ia ^ 

1-^k' in 


‘ l+k' 

V^k.K in 

1+k’ 

1 — k* in 

1 + k' 


Ex inversione huius theorematis obtinetur alterum 


THEOREMA III. 


S 

„ Mutato q in /■ q , ^bit k in , K iu (!-»- k) K , " 

unde etiam : 


k' iA “ 

i-k 

1-t-k in 

(l+v^k)’ 


1+1 

1 + k 

/*k' in 

k’ 

1— >k in ' 


' l + k 

1 + k 

k K in 

*/^.K 

1 +k* in 

S 

1 + fc 

/-k*K 

in k'K 

1-k'in 

fk 

t I L 


()uae tria theoremata evolutionibus §§. S5. 86 propositis multimotli.s couCrmantur, suam- 
que in sequentibus frequentissimam inveniunt applicationem. Quippe quorum ope vel 
ex aliis alias derivare licet formulas, vel aliunde inventae commorle confirmantur. 
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Ouautitates, iu quas posito q"" loco qaLeuutk, k', K, designemus per k'"*, k'™'’, 
K'“”, ita ut k'“‘ sit Modulus per trausformationeio realeni primam n“ ordinis erutus, eius- 
que complementum k'""'. Ponamus io aequatione: 

i (*-a)Ct-q’)(t-q>)(t-s’) ■■■ f 
• (t+<lKl + q‘)(I+q‘Kl-f q’) . . . 1 

loco q successive q% q*, q', q“, cel., prodit facta multiplicatione infinita: 

s,..< 1 ....,* ^ I (I-q’)(l-q’)(l-q-Kt-q') . . ■ 

( (l + q*)(t+q')(l + q-J(H.q») . . . r 


at invenimus: 


( (t— q^tl— q^Kl — q*)Cl— q‘) . J* 

^ (l + q*)(t + q*)(l + q*)(t + q’) ... I ~ 


unde : 


<K /koi- ii»/ 

— = V r— 


Cum sit k'”'= , fit ex l); 

/»K^_ 1 tvTi' */'F7' */'F^ 

l <r 7 l + k' ■ l + k'*'’ ■ l + k'*>' l^k">' 

unde ^ivisione facta per l): * 

„ ^ ’ f *• a. : t 

^ I+k’ ■ 1+k"'' ■ iq.k'*»' ■ l + k"'' ■ 

Quae etiam eo obtinetur formula, quod sit; 

<K >K"> a 


*K'*’ 

n 

*K-*> 

1 + k' 

< 

IT 

ir 

1+k'**' 

*K'0 


i 

ir 

Tf 

l + k'**" 
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unde; cum, cn^sc^ente di in iufintHini, limes expressionis — ^ sit 1, facio producto iic 

^ • 

finito prodit 2). Posito: 


fit: 


unde : 


t 

l+k’ 


m = 

1 S 

II 

6 

rn =3 ■ 

u 

* 

n' = /; 


m' + n' , 

„■ = /. 
n as V 1 

m • 

ITl*** 

m*' n“ 

L.»>» __ 

f 

n* ' 


1+V 

ni 

L|U*S *_ 


n** 

E’’ tm 

i+k-' 

m" 

II 

V 

« 

M 


d” 

i+v' 

tn 

m V 

s 

m' 

m 

i+k'”- 

m . 


l+k'*'" 


ideoqiie : 


-t‘ 


f K m rn m «n 

4? tn' cn ni m 


seu designante /u limitem communem, ad ijuem m'*", n''‘ convergunt, ciswcente n in 
infinitum : 

_s^ i_ - • 


Ouae abunde nola soni. 

Ponamus rursus iii rorimila : 

SKi 

A am = 


~-T- ( 14 - 2 <|roit«-hq*)Cl + *q*co»«i + q'')(l+2s‘coi»i-t-q‘'*) • •• 

* (l_*qCO»Jl + q')(l — *q’cott«-+-q‘)(l— *q‘ «i»*« + q‘") . . ■ 
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loco q %ucce«sive cj’, q", cet. ; sit porro : 
*K">i 


S s ^ «m 




Facio jiroducto infiuito, cam .sil; 


*/Vk 


= A ,ay {(«■K l^as/ ^ ^ ^ 


oLliucmus: 


s = * (1+tq* co»gE4**l*)0+*^* cosgi-|-q*) (1 cosg i-^ V*) • • - 

^ « (l_aq»co.*>+qVU — *q'wttS.-fq')(l_2q"co»sI+q**J ..7 


lam vero e formulis: 


SKi 


a — tq’coit»+*i*)(t~^q*c-o*aKH-q*j(i — aq*coia«+q**j . . . 

*^k ’ (I — f qco»li4-q*)(l — Sq*Co»Jii + q">(l — tq^roiSi-l-q'*') , , , 


SKi 


j /"1^ ^/^^co»i(i«f-Sq^ coi Si+q*) (l-4-Sq*coiSt-f“q")U+Sq* cotSf^"^**) ••* 

V k (l — tqcoiSz-^q’) (I — tq'coiti«f>q*)(l — q* coatz-f-q***) ... 


o))tineiiius; 


SKi 


tongain • 

1 tang. z(l — lq*coiS« + q*) (1 -^Sq* coiSi q^) (1 — ?q*cos2*-^q*®J . . . 


(l+tq*co*Si + q*)(l«4-Sq*cos2i -^q*)(l-|-a^CoaS»+q’*) ... 
• *■ - . 
unde prodit formula memorabilis : • ^ . 


S. tg a 


tKi 


4) Mng « = • 


SK 


s’t 


Ut eandem per formulas notas demonslreiuu.s, advocemus formulam pro translbrinalione 
secundi ordinis, qualem Cl. Goum exhibuit in (xinimeutatione inscripta; „J)eiermi/iativ 
jittraetioni*” cet.; 

(l+k'*’) Altin i 
Ct \ n 


SKi 


1 

1 + k'*> .in’ am ^ . k*»| 


, k^‘l . *• 
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quae brevitatis causa posito: 

ami— . A»in| k<»'j = a<«». 


ita exhibetur: 


l + k'*> .in*^i’> ’ 


nude etiam: 


COI (p = 


= 


•* ♦ = 


coa A'** 

1 + k"> »in’ 

1 — k'*' 

l + k"' lio’ ^’> 

(1 -f k«») Ig »»■ 
^1*1 


Formula postrema ita quoque repraesentari potest: 

<g^ ^ »g »'*' t 
tK “ »K“' ■ A'” ’ 

IT TT 

t 

unde loco q successive posito q*, q', q*, . . quo facto k, K, <p abeunt in L'”, k'*’, 

k'*’, K'”, K“’, K'*’, d>‘”, (Ji'*’, (?>“’, .... obtinemus: 


ig _ ,« »'** 1 

*K'*' tK'«' ■ A'«) 

Jf n 

fK«> ” *K<"' ■ A<*‘ 

IT IT 

,g^(.) _ ^ 1 

»K<" »K""> ■ A'"> 

n TT 


lam limes expressionis 




n 


.t) 

*K'P> 
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crescente p in infinitam, fit 


Ung I ; 




tum enim fit k‘^*=0. K-' = ^, am(u,k)=.u; umie i 
et posito, ut supra, S = a'” A'” A'" . . . , prodit:, 

_J«£_ 

»K 

(/nae est formula demonstranda. 

£ ibrmula; 

tg. = _ilLi_ 

IK 


iam facto producto infinito 


Algorithmus non inelegans peti potest ad computanda Integralio Kllip'tica prinme speciei 
indefinita} idque ope formulae^ probatu facilis: 


^r«> 


* (A -f k‘) 


Quem in finem proponimus 


T H E O R K M A. 


Posito 


,/ V mniCo»^’4-T 


O Sin 


V mni Co»^'^. „„ Si„ 

formentur expressiones: 

m n , 


t 

ni ^n* 

* 

m* + n" 


}/'ma = n’ 


n n =c n 


■♦-n) 

a 


V m + 

A" = l/ 

V 


nr+A" 

*• •• 
N 


\ 
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# 

dexignanle ^ limitem commuuem, ad quem quantitates m'*", n'*" cmcenle p ra- 

pidissime convergunt, erit; < 

A' A" A”.... 

tsng ft* = . uag q> . 

m ni ni , • . 

Iisdem methodis , quilius in antecedentibus usi sumus , invenitur etiam valor 
producti infiniti 

k /'kV> /"iT" 

(,)aem in finem allegamus formulas §. 36, 4), 6); 

}C1 + <0 (H-q’)(»+q‘) a +q’) •••}* = 

l(l-H>)(l + q‘){l + q‘)(t + S*)..-}* = — 7 =^- 7 =-. ■ 

4 /r /V * . . 

(juarnm posterior e priori nascitur loco q posito successive q’, q", q‘ cet. et facto pro- 
docto infinito, unde obtinemus: 

V _ 8 W 

♦ /V/V /* k'’> k'”' /" k<*' k'*'^ /* k'“' k'"' 

lam vero eruimus l): 

8K f V"’ k'«>' k'"'' . . 

• — = v — f — ■ 


unde : 


/r 8K 8/r tV^ 8*/:i5 




k /" k<»> k"' 


Quae licet aliena videri possint ab instituto nostro , cum nec elegantia careant , et 
magnopere faciant ad perspiciendam naturam evolutionum propositarum , opposuisse 
iuvat. 
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EVOLUTIO EUMCT10NU5I ELLIPTICARUM IN SERIES 
SECUflDUM SINUS VEL COSINUS MULTIPLORUM ARGUMENTI 
" . PROGREDIENTES.. 

• . / 39. . ' ■ ■ 

E fomiulis supra tradilis:. ^ ~ “r— e- . 


1) «in aro 


2) coaam 


S) ^ aro 


2Ki 


<Ki 


(Ka 


2 _ (I — *‘l*«'»2a.pq«)(l — 2«)»coi 2a4-q*)(l — 2q*cai 2i..f-q'*; . . 

• II — 2qcoa2«^.«|’;(l — 2q' cos2x4-q’)(l — 2q*co< tt-f-q“>) . . 


iVv/^ 

/V 




<1— 4qc«**«-f q’K* — *H*«*** + q")(« — . . 


«i+o. 

(I— 2qcoa2l4-q’)(l— 2q'*cos2i.^q’}(l — 2q>co> 2 i .pq») 


1 — sio am < 


„ ! « .A l— «ina (I — 2q«in«-pq*)(l— 2q’.io«+q«)(l— 2q «ina-)aq«) . ■ ■ 

^ I I lim,.,, ‘ • 1 + lina ' (l.+2q9iaa.f-q')(14-2q'aini+q'}(14-2q>aiaa.(.q') . . . 

/ ~r. • 

1 — K «m am /-— 

!1_ _ (i — qaiiii+q)(l—a/ »V q**ma-t-q») . . , 

1 k »m am 0+*1^~T “"•+'l)(lH-*/^*ina + q»J(l-f.2/^«ina + q>) ... * 

lognrithmu singaloruui fuctorum ia altera aet^uationnin parte evolutu, po.st reductiorie.s 
oli vias, sequuDtur hae: 


6) log sin am • 


9Ki 


= lofi 


7) lof{co« am 


fKt 


A- < 


8) tog ^ am 


8Ki 


1 + finani 


iKt 


9) lof; 


\/ 1 *“• 
1/ Sinam- - 

I « 


f q cos 1 1 

S q* eos 4 s 

tq'cos6t 


*(«+n*) * 

8(H-,«) +••• 

tqeoaSx 

Sq’cos4x 

2q'eoi6a 

t_q ' 

*(*+2T ■*■ 

8tl-q«) 

iqcosts 

4q'cos6s 

4q*cos]0i 

l_q' ' 


S(«— q“) ' • • • 

^ 4qsins 

4q*s!n S 1 

j 4q*sio5s 

l-q 

8(1 -q') 

5(l_q.) 


N 2 
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10 ) 


V 


XKi 


♦/ 


tKi l — q 9(i— q») ^ 5(1 — q»; 


Quibus formulis dillerentiatis, ubi adnotamus formulas ditferentialos probatu faciles; 

^ 1 ■ 

d . log «m am 


d « loK co» s 


2K> 


d . log ^ am 


2K> 


d s 


/ij. 

1 ' 1 — siD am — 

V » 




£Ks 


d.Iog 


1 — k> 


2K 


dx 


cruunoji sequentes: 


«0 


t») 


18) 


<k'K 


XK 


Xk‘K 


XKi 


XK> 


XKi 


XKi 


= oolgi 


= 'S* + 


I im un coani 



2K« 


Xk’K 

TT 


n 

XKi 



W#H« 

xr 



_ XKi 

/ 4Ki 

*K 

«r 

- U " 

w 

XKi 

aiocoan 

1. *\ X 


'tr 


tk*K 

XKi . 

e%n ften — «tn 

XKi 

IT 

•111 SW MU 

?T 

n • 

1 

*K 

1 


n 

1 

XKi 

sm eoam 

fr 


t 

SkK 

2Ks 


ir 

7f 


4 q sin 2« 

4q’ sin 4 « 

4q*sin6x 

i+q 

1+q’ 

t + s' 

4qsto2x 

4q’sin4s ^ 

4q*iin6s 

1 — q 

‘ + q’ 

!-,• ■'■ • 

Sqsin 2s 

9q*tin6x 

8q*sinl0a , 

i_,- + 

i_,- +• 

l — q« * 
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_ l. *q t°»» 4()>co>Si 

» CO»l ' 1 — q 


4(|*cot5x 

^1-q* 


,5. *kK tK 

— • *in coani 


— */^con 4/^eo.3x 4/^eo»5i 

1 — q l_q> niTJ ■ • 


LL» in hii fonuulis loco x ponitur x, eruitur: 


SKi 


16) 


«k'K 


2Ki 


tg. _ *‘l*'°** . *q’»i°*» _ 4H'iin6. 

^ + q 1 + q’ I+q‘ 


<K> 


17) 


18) 


tK 


— TT? ^ -L- 4q»>in4. 4ci'.in6« 

,*t± 1 -q i+q- + 


J— - _*_ . 4qiiii» , 4q'.inS. 4q*.in5i 

,m 1-q’ 1-q* 


.«> tK 

19; - • HO UO 


^ , 4/V*in9i . 4»^.!n5i 

1-q T + — fiTv — ■*■•• 


(omiula 18) ponendo x loco x immutata mauel. 


Mutando q in — cj e theoremate I. §. 37 formulae ii), 12 ) i„ 17 ), ig) ab- 
eunt; 18) immutata manet; e formniia 14), 16), 18), 19) obtinciuusi ♦ 

») 5 4qeofi 4q>eo.S, 4q>coi5T . 

*Ki coss 1-l-a ' ■"' . . + ♦ . 

It cof am — *“'i I — q 1 + 


il) — .co.»m-*Iil= . 4/Vco.g, . 4/V«.5« 

* * 1 + q ^ 1+q' 


*f) 


tk'K 


w co« eoam • 


tKi 


1+q' 
4 q sint 


1+q 


1 +q’ 

4q'sinSt 

1+q* 


4q'sin 5t 

i+q*“ 


t») — 4q/V.io3. . 4/V*in5. 

” 1+q 1 +q’ ■' Th^ 


•q 


% 
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Fonnulae 19), 21) per evolutiones notas ex iis etiam fiicile derivari possunt, 
quas supra attulimus $. SS. 6), 7): 

« kK \ t — Iqcoi*i+q’ 1 — 2q’cOf<i-f-q* I — tq> a»kl4-q‘° ' ' 

cniini coii/^ /^(»-<0 q‘(t— q’) /V(t-S») \ 

w kK — Sqcostl+q' 1 — t q'co> 2<-|- q" ~ 1 — 2 q> coi 2 I ^q» 


E formula 9) §■ SS: 


2K> 


W 

± . + 2Arctg^(j^)tg.^-2A^c^|(^j^.j+ 2Arcl*^(l^j.g,J_.. 
sequitur adhuc: 

SKz tq«)oSx 2q*sin4z tq’Mo6x 

,4, + + 

Eandem enim pro signi ambigui ratione ita repraesentare licet: * 

+ 1 + 2Arc.g. Ji±3^ _ 2A„.g + 2A„,g. 

l — q l-— q* l^q* 

— *1 + *I — *W + V ^ 

siquidem brevitatis causa t = tg x . Fit autem : 

Arc.* . Ji±^ _ . = Arclg !)■ 1 ^ 

* l-<t l l-q + (J+q)M / 

! fqt ) / qcmfx ) 

l.H.-q - (l-..) | = • { T-q« r27-< • 


unde 


2K, 


qtinSi q>$inSx . q^imSi 

‘ + — - 2Arctg + «Arclg.. 


1 — q coztx 


1 -^q^costx 


idve cum sit: 

Arc tg . 


l*>qcoitx 


: q »in,8 s ^ 


q’iin4x q'tio6x 


iit am 


«Ki 


SqiinSi 8q*sin4K 9q'«in6x 

* i + q' ^ *U+q*) *(t+q"; 
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quae est formula 24). E cuius differendatione' prodit: 

*5) . A am = t + — 


Ss' , 4q*co<4x ^ 4q’co«6> , 

1+q* i+q* i-fs* ■*”* 

unde etiam , posito — q loco q seu x loco x : 

^ 2I.-K _ , 4, co«tx ^ 4q’cos4x 4q’co«6i , 

~ZIZlhL ~ I+S* 


40 . 

E formulis proposids, ponendo x = 0 vel aliis modis facile eruuntur sequentes; 


t) — log k' = 


- . *K 

S) log 


i+q 

+ 

*a+q’) 


»(i+q’) 

+ 

♦CH-q‘) 

8q 


8q> 


8q> 


8q’ 

1-q* 


8(l-q^ 


S(l_q>») 


7(l-q“) 

♦q 

' + 

♦q’ 

+ 

4q» 

+ 

♦q’ 


+ .. 
+ .. 


SK 

. = 1 + 

♦q 


4q< 


4q» 

n 

1— q 


l-q* 

T ■ 

1-q. 

■ 

= t + 

♦q 

•4- • 

♦q' 

+ 

*q’ 


i+q' 


l + q' 

l+q" 

(kK 


♦ 



+ 

*/v 

IT 


1 — q 


1— q* 

l-q. 

fUiTi . 

“ 

♦A- 

•ia . 

♦/V 

+ 

4/V 



t+q 


l+q’ 

l+q* 

tk'K 

. = 'i 

*q 


♦q’ 


«q* 

n 



. 

T 

} ' 

■l+q’ 


l+q* 


= 1 

♦q 

«q’ 


♦q’ 

A 


»-*-q* 


I + q« 


l+q* 

t/Tx 

— 1 

♦q* 

<4- . 

4q« ! 


♦q- 

W 


i+q' 


l+q* 


l+q” 


_ j _ 

♦q* 


♦q* 


♦q* 





l+q*.. 


i+q“ 

4KK 

w. 

- » + 

8q 

^ , 

*16q> 

+ ' 

«q’ 

ff«. 

1— q 


1+q*^ 

i-q’ 


= 1 + 

8q 


8q* 


•q’ 


(i-q)* 


(1+qy 

▼ 

d-q’)’ 


+ • 
+ 
+ ■ 
+ . 
+ 
+ 
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. 16q'(l + q») 16q»(t + q’«) 

(i-q‘)’ a-O’ 


«k'k‘KK 

10; 

w ir 


11, 

ir« 



16 q’ 

«9’ , 

1 + 9 ^ 

1 + 9 ’ 

1+9’ 

®9 , 

« 9 ’ 

89 ’ , 

(I+ 9 I ^ 

(1 + 9'/ 

(l+9‘/ 


1*/V I 

»/v 

1+9 

1 + 9’ 

1 + 9' 

*/^<i+<i 

1 I *l/V(t + 9') 1 ♦V^(t + 9' 

(l + 9l’ 

(1 + 9’)’ d+9’)’ 


4k'KK _ J _ 8q* ^ 16 q« «4q* 


‘ 1+9’ 

1+9* 

1 + 9* 

■1- 

l + 

6 fi« 

8 q' 


d + 9’)’ 

d+9')’ 

(1 + 9’)’ 


4kKK 4 /V 1 

isy^V 




♦ V^(t+'0 . . */V(l+q‘) 

(l_q)» (1-qT (l-qy 


Formulas 4)-lS) duplici modo repraesentavimus; facile autem repraesentatio altera ex 
altera sequitur, obi singuli cleiiominalores in seriem evolvuntur. Adnotemus adhuc, se- 
cundum theoremata §.87 proposita e duabus ex earum numero, 4“ et 8’*, derivari posse 
omnes. Ponendo enim loco q , cum abeat K in (i -|-k) K, subtrahendo e formula 4) 
prodit S); deinde ponendo — q loco q, abit K in k'K, unde e formulis 4), 8) pro- 
deunt 6), lO); 6) immutata manet. Ponendo q’ loco q abit k'K in /ITk, uwle e 6), 
10) prodeunt 7), 12). Ex 8), lO), quia kk -t- k’k' = 1 , prodit 9). Ponendo /Ij" 
loco q, abit kK in 2 /lc K, unde e 9) prodit IS). Ponendo — q loco q, abit kKK 
in ikk'KK, unde e 18) prodit ll). Ceterum pro ipso Modulo vel Complemento eius- 
modi series non extare videntur. 


Formulis propositis ad dignitates ipsius q evolutis, obtinemus: 

Iftgk = logs/^— 4q + 6q* — yq' + Sq«_yq*+8q« — yq’ + i.q"_“q» + *, 
. » . 48 64 . 104 96 lU 19t 

+ +T’>‘ + 7‘’+~'^ + TT'>" + Ii”''’ • • 


!♦) 

15) — logk' = 
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16) 

1 

log 

tr 

= 

>7) 

*K • 


ir 


18) 

SkK. 


* w 


19) 

tk‘K 


tt 


tO) 

ly^rK 

n 

'= 

*1) 

4KK 


trr? 


«) 

4kkKK 


nir 


*») 

4k*k'KK 

tr tr • 

= 1 

*4) 

4kk'KK 

IT 

= 

S5) 

4k'KK 

TTfr 

= 

*6) 

4kKK 

= 


» . 10 


I _ 4.|’+ 4q« -f4q* — 8q''-(- 4q>* - 4q“+8q»_- 8q»« + 4q” . . . 

. • I * * . 

* + *^"l" 4" + ®6q' 64q’ -}- *4q’ + . . . 


= — J6/V+ — St /7 "f 5*-/^ — 48»''^‘-f. 56 _ . . . 

= l — 8q* + t4q* _siq" + *4q" - 48q»+ 96(|‘'^l-6»q>* + I4q>* — I04q*> + . .. . 

= s/V+ is/V + 'i‘ + st /V + «/V* + 56y ';jr'i ^ . 

Quarum seriei^ lex et ratio ijuo melius perspicimur, (lenotaiiimus eas signo sum 
malorin X termino earum generali praefixn. Statuamus, p exse numerum imparem, ^ fp) 

eummam factorum ipeiue p. Tum -fit; * 

• I'- j . - ' r'” j ; ‘ t- y» 

«7) lo* !►,= log4/^_ 4*-£^-|qr _ _ i,»p — JH-’** — • 

*8) — logk' =*8 t J^^qt 


'V , 


• K 

*9) log — = 4 E 


P 

f(p) I 


|qP_,*P_,^P_,.p_,..S 1, . 


Porro sit n numerus impar, cuius factores primi omnes formam 4a-|- 1 habent, ip(u) nu- 
merus factorum ipsius n; I, m naraeri'emnrs a 0 us{|up atl QC; oiitinemus: 

*K ....... S‘(4m — l)*i. 


30) 


* 1 + 4ElHn)q 


() 
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Sl) 


SLK 


(4o,-l)> 

• T' 


n - 

Dusi^uante p rursus numerum imparem , (p (p) samMam iactorum ipsius p : fil 

* A * . 


S4) 


4KK 


= i + 85:f(p)!^'’+Sq’P + Sq’i’ + 8q"'’ + Sq'*'’ + ■•} 


4 L L K K 

55) —^ = ler i;)ji»)qp 
4 k' k' K K 

56) — -— = l+«I(f)(p)|_qP+Sq'P + S,‘PH-_VP+Sa"''+..} ■ 

B—l 


57) «£(_,)•* 

TTfr 


4 k* K K 

S8) ___= l + 8E(fl(p){-q*P + Sq*P+Sq-P + 8q"P + Sq>’P+ . .} 


59) 4E<J.(p)/qP 


Demonslremus (brinuiani 27). Invenimus l): 

4q' 4q' 


•"* >■ = Io* +¥ '1 


. * 


H-q ^ *(1-Pq0 5(l + q') “ ■■ 

(juoil ponamus = log -t- 4 E A'*’q*. Sit x numerus impar p = m m', e (piovis 


termino _ ■ , -prodit — 3 — unde constat, tore A’’” = — * — . lam sil x 

numerus par = 2 'p= 2 'mm': e ferniiois 


— q° 


msT + 


q«« 


T“ 


"'(t + q"") *“'[l+q’*') 4T'(l + q‘") 5 m (1 .4- q' "') 


q- 


t'm(t + q’ *) 


provenit 


/. __L_J L 

• t 4 8 ■ ■ ■ *!-• S' I «'•ni ' 


nnde A'*’ id (juml formulam pro|H>sitnm suppeditat. 
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DeAieiiirtremus formnlmi SQ). liivtnimus 4): 

O ' . • 

— — ‘ + ■ ■ + -7-3-- 1 + 4 E ,v»-u*.* : 

ft 1 — q t — «> 1 — q* ’ 


i 


Sit B"“ foetorum ifwiiis *, (|ui foritu^ 4in>4-‘l holjent, Ci^' uuuicrus foetorum, 

(jui formdm 4m-f-S babent, fl^le palat, fore A'’‘’=R'‘" — 'C'*’. Sit x = 2 ^ 00 '. ita 
ut u Mt’ itetneniq uppar, . cuius factti^s pruni pinum formam. 4 m-f- 1‘, u' numeru» ini|)ar, 
cuias fnetPre!i ptimi omnes 'fontiam 4m — 1 baLrtit; facile proliatur,. uisi sit n’’ numerus 
quatiralus, semper fore B'*' — C’*’ = 0,' ubi vero u' est numerus tjuailralus, fore B'*’ 
_(,.s._B'"' = 4,(n)„ fonnufo-8b) fluit* r ‘ 


Postremo probemus formulam 34).' IpTeuimus'8); 

4KK. . , 8« • .«laq’' . *4q> «q' 


‘ + H-q- 


Designante x numerum imparem^ faCiJe patet, fore A‘*’ = (p(x)j obi vero x numerus par 
= s' p , designante p nummum imparem , ’ quofies ni factor ipsius p , e terminis 


"■q” 


, tmq*“> 4n^>> 

l-ri _im * ’ 


l_qm.T 


'l+q" 


‘j, 

t + q'™ 




prodit 8ni(j'[l — 2 — 4 — 8 — — 2'"’ -H 2'j = 24ni(j , unde eo casu A'"' =£= 8 iJiCp), 
id quod ^rmulam proi>ositam sUggPrit. Reliquae simiKter demoustrantur vel ex his de- 
duci possunt. 


.. . *Ks . *Ki 

r.xpressioues cos am , a am 


lula.s, Coefficieiitem ipsilis x^^Sanciscimnr resp. — » 

unde c formulis §* autecedentis 21)1;* 20), 24) prodire videmus sequentes; 


jjJ'; “ ®d dignitates ipsius x evo- 

t(^/. 


40; l 


/ *K 





49/7 

i V . 

) i 14-q 

T • 

i+q’ 

+ l-f-q' + 

1 + H’ 

-/ 

^ ( /V(*+®q+q’) 

l (i-q)’ 

/q-(l+6,' + q‘) 

d»-q’)’ 

,/ *K 

r=t+ 4 ' 


9 q’ 

1 **q* 

49q’ 

1“ 

) = •+*( l+q 


t+q’ 

l + q‘ 

t+q’ 


(1-q'P 


, . ^ 1 qrt-^Gq’-f-q*) q’(i— 6q*-f-q‘) , q*(t— 6q*-fq‘*) _ | 

y d+q’)* “ (i+q‘)' (i+q‘)’ ‘ 

• O 2 


Digitized by Googie 




■»1* 

! + ,• 


- 10 « 

9lj‘ 16 q 


1 + ," 


» + <l‘ . 




i»* 


1 igj q (!•-♦- q) _ • q'(< + H‘J . 

t (i-i)> (i-q’)’ 7 C-q‘)‘ 

Ex his. posito -- (| loco (| ohtiueimis : 

45j u'k'( *Ay=. • 

« .V(^/=1- 

*K 




( /V 

9/^ 


»5/^ 

49/ <r 

i.' ,1 

1 1— q " 

l^q' 


li — qi 

.1—3’ 


1 q • _ 

»q’ ' 

+ 

JSqs . » 

, 49q’* 


i 1— q 

*.-q’ 

l-q> 

1— q’ 

+ ■ J 

I q 

♦q’ 


■9q‘ 

16 q* 

-4- i 

^ ‘+q’ 

H-q‘ 

I 

l + q« 

i + q* 



Formulis 42), 44) additis, olitiiiemus j ; 40)et4S), i l) cl 46) luhduchs (Jilincmns 

j , I j , e i|uilius 'posito resp' 1/, <|' loco (j prodit ^ ) ’ * ( * ^ )*’ 

/4/^Kn* ; . /4/iTK,> • . * • ' ■ ■ ■ 

I — - — l jKJsito — ij loco i| otitiuetur ^ — — — j . . . 

9uh fiuciii, poMto k^i^^siu-?, crolvamus ipsniii ■& = Arc/sin k . Vidimus, po- 
sito vT)" loco (j abire k' iu - ; pouamus rursus — loco ij , obit k in ■^, sivi- lu 

i.tang-9'; ita ut posito iv7j|'loco q, expressio ~~ '°* !* • mutetitr in • 

l / 1 — i Ung 3 l a. • ' * 


Hinc e formula 2} - 


— l«t l’ 


Jl 


8»* 


8 ,> 


8q’ 


I— V 8(1— q*) 5(1 — “*■ 7fl — qO) 


46) 9 = Are sin k =s -^-1^ — 

• +q 


4V'q‘ . +♦' q 


4y' q' 


i(l + qt;. r(i + q-) 


*;i + q’) 

quae in hanc facile Uansformatur ; 

47) -L = Are Ig i7q — Arc Ig 4 . Arc ig y'^ — Are ig y7f 


(|uae inter formulas elegonlissinias censeri deliet. 
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!■■■ 


41 . 


Aequationem supra cxhiLitam; 

. -SKi ♦ I q*unSK» * 4^^^«n5t 

" » t — q l_q> ^ . l_qs T • • 

in »e ipsam ducamus. ,Looo 2 sin m x sin n x uliique substituto cos (m — a)x — eos 
(m-|-i))x, factum indmt formam; 




ZKi 


— A + AcoiZi.pA'* cos 4 1 “t* A"' cos 6 s ^ . 


Invenitur: 


O-q)’ . 0-q’)' ' (i-q‘)* ^ " 

W / . s > * 

Porro nt: * 

^ A'">^= 16B'»' — 8C'"' = 

^ 4T • 

siquidem ponitur: . i 

q *** , q"*’ q"*» ■ , i.i_r 

(1— q)(l — q*» + ‘) (I— q>)(l_q*»+i) T (i_'!iS)(l_q*«+S) + 0«*- *“ >"'• 

q“ . • q" ’q" , . q" 


B'*< — 


C'“' 


. « q“ . 

"-'1 ' n at\ri o"nt-ii 


(l-q)(l_q>"--) (l-q>)(t_q*«^*) <J _q‘)(l 




d-q”— )(i-q) 


Ia IU 

cum sit: 

q»*"* 


,«• . ,ir 


q> n-fm 


(l — qmjO — q*”*«) 

l—q*" l l-q 

1 

q>a ♦m 

fit B 

•n» 



t 



q' ( q 



q’ 

. ( 


l-q’" \ l_q 

T 

l-q’ ^ 

l-q* 

- + ••} 


qn / q»n^i 

. .J- - 

q*"*’ '* , 

q»n** 

1 


1— q’" 1 1 — q>"*' 

‘ T 


I— V**’ / 

sive 

sublatis, qui se destruunt, terminis; 




B n. - /. 




q’"-t 


l-q’" 1 

1 — q 

+ l-q> + 

- 

-q*"- 1 
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I’orro fi! : 

« « 

<!" <!" I ■!'" . 1 

q*"-'") 1— q’" u-q'" 1- 

unde 

t nq" . *q" I ‘ t i- ■ 1-' + I 'q”'~' — (. * 


l'. 


-1 


.0-m ) 


Hinc tomkm prodit: 


, „ , _8nq“ 

A<a> = 0">} = V 


uude iflni : 


/*kK\’.. *K* , .( q»*** , j. 2£52lil- 

Simili modo vel ex l) invenitur: 

/11K\’ . SK« .. . „( qco.8. , Sq’«o.4« j_ _£q^!lf_ j. ( . 

*) i-q* i-i- » 

« * 

>iquidem: ’ , * 


A = 8 


I q 


4- "I - + . . ' 
“Tv + a-av ^ ( 


(i-^y ^ (i-qV (i-q*)' 

>*ol 1 q' 1 • *'* + *. 

® = ®\u+q)’ (»+q';: • <'+■>*>’ ' 

E ,K)lo (.alcuU Integralis theprciunte fit, (fumife» 

(p, — A + A'co.t« + A"co>4»4- A-MiBi + . 

terminus primus seu constans: 

* JL ‘‘ 

A = ~J' , 

0 

« 

nude nanciscimur hoc loco:^ 


* = -(— )y «.am — .d.. 
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Foiiania.s cum (J. be^^ndre 


eril : 


A = 



' 

tK 

gK se' 

V 

ir w 

tE‘ . 

^ *k'K \* 


li s -i!L Y 

• ’ <f > ' w \ ir / 

• ■> 

Hiut etiam, cuiii mutatu q iu — ’q , abeat A ia — B' K iu k’K, ^.equitur «iniul alnre 


i,- ‘ 

b in -jr. 


Adaotenias adhuc e ibrinula l) »e<jui: > 

s) k k fil )•'= i6(^ + -iiii + + . . ( 

« / ( l-q> ^ l_q‘ ^ l-,« ^ l_q» ^ ' f 


= i6/-3ii±ll±3^ 

\ (1-q)’* 


(t-qT 


(t - q*)* 




uiule etiam mutato q iu — q : 


4) k>k- 16/-JL_ _ _iNL + _Li 1111 + ,.. 

l * ; ( l-q’ l-q* ^ l_q‘ l_q« ^ 

q-('l-4q’+q“) 

(t + qr 


= jft q(t— *q+q’) 


.(t+q)’ 

< t 

Subtracta formula 4) a S), piwlit: 

5) filiLV=,56|A_ + _!l3l + _!l3l_ + _lliL+,.j 

' \ r, ) I 1— q* 1 — q* ^ 1 — q- ^ 1 — q'» / 


q'(l-4q»+q‘») , 

(t-q>)‘ 


_ .c^M’(l+<q’+q*) . qm+^q^+q") . q'“(l+4q'* + q*') , I 

— + "ci-q-r — — (WT — "T. 

*• 

a 

quem ctiaui c S), mutato q in q% obtioe^i. 
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Methodo simili atque formula l) iuTenta est, in expresMonem 


*K> 


in seriem evolvendam inquirere possemus, si(|uidem ibitnula 18) j. S9.in se ipsam du- 
catur. Id quod tamen facilius ex ipsa l) absolvitur consideratione. sequente. 


Klenim formula ; 

d . log ain am 


n f ^ [ • ^ 


SKe. 


iterum differentiata, factis retluctionibus, obtinemus: - 


d’ . lo^ iiD am > 


tKi 


1) 


I SK y I . , »K. 


I- 

*Ks I’ 
tm am — — j 


lam vero invenimus §.89,6): - , . - 

*Ka , I . . .f qgo»*- . q'co«4. q'coa6i , ^ 

Isgnoam-— = + log»m. -4- *{ ^ SO + 1*) »(1 + 1’) ^ ‘ ’ 

unde: 


9Ke 


d' lof aio am > 


Porro est §. 41 , l): 


1 ,1 qeosti , *q’coi4% . Sq‘uMS< ^ ( 

“ “ 'SZT ~ I 1+q l + q’ 1 + q’ T 


( tkK . , *K» 


tK IK fK 4E* jqcoiS» Sq’co*4* Sq*cos6« f 

■n ' K Tt ' V i l_q' l — q» I — q- f' 
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unde, cum e formula l) sil: 

• ih' 


SK> 




tlU «IMogrinan.-— 

V, 7 < - . da' 


prorenit, quod quaerimus; 

rSK 




;5F*v,'- ■; • 

,l!L.£iL_ ■ ;• * ^ ,( s»eoi«a . S|^|*co. 4 i ^ Sq*toj 6 i , j 

.'I , 

Mutatis simu^ q i» et x in -f j-^x, unde K in k' K , E' in §. 4i, . 


»K« . ■ • SKi ■ , . 

siii am— — in ros am — — "‘"f. e 2) |irodil; 


S) 


,*k. = 


coi^m • 
'SVKi’ *K . fE' 




^Sl'Kj’ *K . fE 1 (q*co»fa fq*cm4a . Sq*caifia i* 

-^+ ~ ~ -u» + -\z::r. 

• ■' Tdy »* ‘ ^ ;"••• ■ 

His adiniigo, quae facile e §._4l. l) se(|uunffir, ' Knsce; 


♦) 


A* am 


tK^ 


SK 

. 1 Sq*coi4* 

Sq‘£0.6. , 1 

0 % 

w • 1 l_q* 

V • s • * • 

1-q- ^ 

^ 1-q* +•■( 

r * 


s • 

• 

SK 

„4 qcnif a 

Sq* co«4s 

Sq*co»6a i 

' 

» 1 1 — q’ 

- .1-,. ■ ^ 

^ «-.tf . - v 


. •. • jr . ^ 

quarum 6; e ,4; sequitwp^ miftate x m — x seu q in — q . 

Posito y = sin am ' • V ( i (t -J-ic* y y) = R , fit : . 


iL 

d a 


fK 


• R 




A 
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+ Mkk+ k*-»k’Ct + k’)y'+ lSdl',*jK 

cel. ., ceL , * * * . 


untlc : 


V ss >in «m • 




*K, ^Cl + k*) / *K. ,» l + I4k’H.kW SK, . 

S.S V r / . l.S.4.5 V j 

itl('0<|ue: * • , 

Mn*«m— — * . ■ . •*- * 

^ ^ 

qua formula comparata cum 2), eruitur: . 

, l + kk \(tK 1 /*K.> SK „1 s’ • »s« . -Sq* 

I J »■» *( 1 — q» ■*■ 1 — 1|‘ ^ 1— q* 

. • » J < 


•ive : 


.->*■ . *k' 


Porro fit: 


jive cum sit : 1 5 =j 2 . 2* — l ; 

1 + *. 


“T “T * 

y 

a V ’ 

ir^q" ‘ ' 

♦ » 

• 

1 *’*'*• 1 - **’' 1 

1.5.4 

‘*‘q- , ( 

i-q’ 

1 — q* T— q” 

t-q* ' ■■(■ 







• 

• 

• 


• * 


*-q’ 

, «’q'- , 6!q-. 

-£i-+ K 


l_q* i l_q" 

l-q’ ^ « 

q* I 

J.q. 3-q- 


r-q’ 

'■l-*q*q' 1 — q" ■ 

l-q' ' • r 

• 

. 

* * 


I uaauiui •*v\juoii9 y. 

k’(iiL) = iJ_ll + -l5l + -£i- + _il3l + /.l • 

' -r / I 1— q* ” 1 — ^ 1— q- I_q« ^ )* 
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*(it r«ttdnuiii : 


<1 . 


*■ 

y ^ 

> 






i 


^ 7, ,-i6f_^ J-!l5 L+ J!jL- p./ •• • 

I » ■/ • i 1 — q 1— q* ~ 1 — q' ^ ^ • -p • • fc- , 

* • 

unde etimn, mutato (j in — cj; ’ * 

8r(:£iLj-=^+\6)l^-+ ^131 + ’^^^ V..' . . 

\ \ w i - 1 l-+-q 1 — q* 1 +S* 1 — q* 

• y ' * » 

(jua^* <Klhcilibr,cs in^gaiii eront formuFae^ ftuaiu si iis iungis', 'Ijuas supm *iu7^ttunuN 

• * * ' * ” * C K 2J( K * *" 

lain (|■l»^llor |)rimas *<lignitate» ipaoram in series salis ‘concinnas evolutas 

hnl)e.s., • -I, 


.FOUMULAE^GBNERALES PRO FUNCTIONIBUS 


»• m 


\ ■ 


sm am 
> 


- 


'Sin am . 


iKT' 


IN SliUIKs' EVOLVBNblS,-^ SECUNDUM SINUS VEL COSINUs' 
multiplorum IPSIUS X PH-OGREDIENTES.* 

’ •* . * 

• ' 43. * , . 

t ■ . *..• 

Inventis evolutionibus functionum ; . # *. • 

. ’ 

. . • *K» !• , l ^ ifc 


' *K 

i . na jm 

' ?r 


SK> 


tKi 


<' <« 


iam quaestio se«ot^rt4le evolutionibus allionihi diguitatiim ipsius 

, ’ . r ■ ' . tfLx * I • ' V ' '' 


wn am * 


SKx 


peragendis. Facilis quidem iit Trigononieiria Anal» tila via constat, qua, evolutione in- 
venta ipsorum sinx, cos x , progredi possis «d evolutionem expressionum sin" x, c0.s"x; 
nimirum id succedit formularum notarum ope, quibus siu"x, cos"x per sinus vel cosi- 
uus multiplorum ipsins x lineariter exhibentur. ,\t in theoria Functionum Elliptica- 

P 2 
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rum^ illud deficit subsidium; ad aliud confugiendum erit, (juud in sequeubhu» ex-* 


|)oitenius. 

IL 


Formula, quae ex elemenlni palet: 

d <) “ mu - * . ^ 

=» n am u 


ilcriini dit&reuliala, prodii: 


, \ 


*d*MO**aniu *• * . * 

1) I n(o<^ u — n o (1 lineam u n (n 1) k* ani u . i 

■ d u* 

1’osito Mjcccssive ti=l, S, 5, 7.., n = 2, 4, 6, 8.., Line duplex formetur 
^•upuitionum series: 

*. - 


<l*»iii atn u 


I. 


(i q>k*)sii^ im D q- 2k*jm'ainu 


*d^tin'ama _ . . 

■■ y ' j a ' ~ — 6 «nam u — ^9(l^k*)«n*amu 12Ji*sm*am u ^ 

d’sin*amu . • . • ♦ , ^ 

, 5= zO*in*amo — S5 (1 ^ k^ rin* am u + 80k*sm'’amu 


Uu^ 
d^ sin^ am u 

d"I? 


= iSain^amu — 49(1 -}>k’} sintam u -f* 56k’»iti*amu 


cel. 


cet. 


d^ «n’am u 
d* «n*am u 
d* 4in*amn 

3^ 


11 . ' 

= 2 — 4(l-pl>’)>in’aniu + 6 k’sin'>m u 

= ]2ato*amu — l6(l«f>k^}aia*am i| + 20k^«iu*amu 
= SO«A*amu — S6(l<4*k')iin^ainu ^ 42k’ain^amu 


d' «in* am u 

■■ . - , = 56«n‘amu — 64(l-4-k’)sin*amu 4- 7Sk*fio"^amu 

u u 


cel. 


cet. 
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* ' Ex aeijuatiuiiilms I. eruis successive, posito flu='i.2 S . . n: 

• * * , . • 

I. a. ; - . 




na . k'sin»4mu = (l^-f.k^,!nanni 


n 4 . k* sin* am u = 


ne^v 




10(1 + 1«) + S(S+*k' + Sli').in.mu 


ns. k*im«amu = — + 84 (l + k«) -, 1 .: ''°*”* + ^‘(47 + 58k«+47k«) 

d M • ^ U «• . dii^ 


• + 4(8C9+83iSk«+S31jk»iy»B3k«) ^ 


n S . k* sin* am u rs. 


iP.lii^aipu 


+ S15(85 + *0k>+18k*+*0l‘^S5k‘).*.mu 
cet. ' cet. ' - • » 

*•' ' .-v-* 

• . II. a. 


* 


. ~ + J(l+k’^M’ini u 

TTfc . 1*1* 8*rtia*atoa ' ♦ * 

n5.ltlln>amu = ;.jfv ' + SOCl + k^, )- 8(8 + 7k»+4k*)»iii*amu _ S*(l + k'j 

r^^^^+ 56(l + kp— ■ • - ^*'*‘'* • + ll»(7 + 8k« + 7k«)— —Z”" 

+ ltS(18 + lSk’ + 15k«+18k*)’fia'amu — 48[24 + S*li*+S4k*) 


117 . k**in«aoi u 


cet. 


cet. 


Ila videmus, .generaliter, poni posse: 


2) n*n.k’“iiB*»*>afa» = .. 
d*'*.tinamtt . . ,,, d*"T«-nBena 


. dai»” 


-rf + A"’ 


+.A' 




r . ♦ ■ 

d’"-»,ainaniu 


-•* .»4'' 7''* 

S) n(*n — *) . k’*-’a:n«"anm = 


du'"-s 


s I ia-..of»^, „ 


d’“ *.sin*amD . 8**~*.»in’amu . d’ . ain’am u 

..adtf»-»".* + “» ' + % d««.-. ■ + ,• + K + C- 

>Vi. ■ ’ di *• V. * '' ■ ■> 

designanlibu» B“"' (uuctiouM ipsius kk integras rationales ni^‘ ordinis, excepta BJ,"', 

(|uae est (u — 2)“. Porro e‘formuIa , unde profect} sumus , generali : 


sio am u 

JZ"* 


= o(n — l)nn"-’amu — n n (1 + k*) aio” am tt + n(n + l)k*ain"«’amu 
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rum, illud dt-llcil siiltsidiuni ; ad aliud corifugioiulum erit , ijuo<l iii st^jueuwhu» ox-' 


lioiien 


[‘'orniiilii , (juae ex uleineiilia patet: 

d «in^^am u 


" = n «n”-' am li ^1 — (l + k1[)jin*atni» + kkda* am u , , • 
" . . , . ■ • t ' 


Iterum ditTereiitiala , prodit: 

d^siD*’ am n 


1 ) 


d u' 


— •mm ss n(D~l)Mn'^'amu — siD^amu n k’*in***ani U . ^ 


1’osito successive n:=l, 3, 5, T • - , n = 2, 4, 6, 8.., hinc duplex formetur 
•lequatinnum series: 


«I’ »lti am u 
d u* 

*d^ sin* amo 
^ Ju* 

d’ tincam u 
dSio^imu 


d^ tincam u 
d’ «m*am o 

Ti? 

d* %ifi*amo 
d^> 


I. 

t 

ss — (r'<^k*)ai^ am u 4* Sk*aiti^atnu 

, • » V 

= 6 sin am u * ^9(14*k^aui’ain u 4~ 

. • ♦ • '*• * ■■ .- 

=3 fO sin’ amo — S5(l^k’)sin*amu ^ 80k* siu^ am u* 

= 43sin’arnu — 49(1 + k’) findam u -j~ S6k*ain*arau 

cv\, cet. 

• II. ' 

= 2 — 4(l+k’)sin’amu -4* 6k*sin^amo 

■ ss 18»in*amu — 16(l^k’)sin* am q ^ 20 k’siis*ain u 
= SOsin^amu — S6(l-)>k')sin*amu 42k*MVamn 


— ^ . = 56sia*amu — 64(r-f-k*)sin*aniu -4" ^k^ 
du’ 


am*'*am u 


cet. 


cet. 
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• Kx ac(]uutiuailius L eruis successive, posito nu=‘l.2 3 . »• 

- * » . • 

* . 1- a- ' 

nS . k'sin’smu = ■ " + (l,+ l^»io >m li^ ' • - ' 


n X t > . . d*.daamti 

114 . k^MR^aniu = — ■ T 


. ^ - “h 10(l + It*) ^ S(3-(-lfc* + Sk’)«l*aiii u ^ 

^ ^ d u* ^ 

m . Kr * • ” 

rr A 1 J • 5rft stou i^«r»« < <«. »^io Am ii * J* sui am ii 
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tri+i 



■ 


• • 

R“’ 

\ ♦ 

/»K !»«-• 

(-1)" . 



ns 

l « ’/ - 

•• ~ n(*B+i)/ 

■»-q' 

• t 

JU _ 

s* R“' 



t^MpSl . 

T 

ns 

• niio+i)/ 

•1-,’ 

.t 

_ 

5**R'*' 

1 *• 

1 ^ ' 

« 

j 

(-lys-i 


T 

ns • 

1 V ; “ 

•- n(*n-|-IJ( 

.l-T 


*Ki 


• * 


S*'’ 
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>. . 

-H ISl 


— r- lai . »—■■■ ' . 

* v-ii •-• 

'•• ^ • • “Uln > l_.q» 

\ , ...rl. r . . 

■ I* ^ 4 i tr» .,: :-u . J. (— <y*y t q’e<»C 4 .. 

> ‘X .•* • .\‘ • ♦ ■ - . . ‘ n*ii,* / J— if,* 

■>>l>c '"iri !tt*tj ■ i _ • -• • ■*' *' 

* •• •' ^ * * • •«■ 


(^r' •• 


(In^l) «n*" **_»m J£l 
. • * 


R-fiLf. H- a— ..-i_ 

' V L J_ “"U » 7 »>n« _J_ J_ ,' • »'P« . ^ 

•iaT^ ^ 7^^ ns. di’ ■*’• •-■*■ " n|n.d«'“— ■*■ 

’■ >;*• <.,■•• • ’ /•■! .’ 

‘ •<:" ( « / I i> I ns • ’. T' nitiD+O) i — ^, **■••• 

"-'V / . . (-irS*-. ) q’«nS. . . • • 

- . • ns- — ■ + • • + j + . 

^ " \ • *: ■ : • • ' 

*r- ns ■ +■ 


W"\ 




I "■«-•l « j V * ir 4 _ (, rf j \s .4 ^ 5.6 ^ 7.8 ^n-ljtn j 

/tK\*"— V.4 •• * . 


SR- fiiL) 


^ ns.di’ 

^ ntn.d**»-* 




• 

/ -r / 

(_i)«-r»- 1 


H4 

n(*«) ■ ) 1 -,' 

■ • 
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E fonnniw 8) , 9) §. 46 aliae d^uci poasuitt, . i|uac rjt»})eclu' fuot;(io- 

iium coa ah t&ng am<ai,- A am a easdem partes aguut, (juam illae r^speftu Fuiioiio- 

m$ «iu ani u;~ Emtim e Formala : ' ^ 

«, ' •= . ' 

f,, ■ . • . ' ♦ ' ' 

»in am 1 1 n , I = COI caam u , - . . • .. 

y * ■ ' •..» 

nnde etiam: • , • . . ' ’ t 

9 „ . * • « 

' * Viftiio/k'(K — u), -p-V coa am u , * > • . **'.!*' * 

V » * / ' s * V ' 

» • - ^ . •« . Ik ' ' 

vklemus^ iD formulis propositis, obi pouitur locu ei k' (K — u) loco abire siuoin ii 
in cosBtuti, unde iavcmuDtar «imiles formulae ,« (|uac ipsr cos am u 'r^.Hpondea|. Forro 

‘ '** a* *• • " 

cx aequatione: ^ ^ s- 

ain am i u =: i lang am fc')- • > ' ' ^ ‘ , 

patet, simul mutari pOsse'u in iu, k in k, sin am u tu .lang am n ; uuda IbrinulaA pro 

lang am a eruiinos. Ex his deinde , quia ■ . ' ‘ ‘ ' 

. * ' *'^*** '• 

cotina am (m+i K') = i A am (u) . 

I • 

formulas pro A om u eniew licet, quae formulis 6) ~ ,9) §. 46 resijoiurenl. ....t luilius in- 
ventis, methodo plane simili ex evoludoulhus ftinclihuDm : 


* SKi , *Ki , *K» . *K. 

am Illi , cos* am — — , A am ^ * A’ am ■ 


• r 


nrr‘' 


f cos am • 


8^' ■■ 




a nobis propositis,'- evolutiones .generales deducis fuiicimnuiit': - 

cos" am » ■ ■ 
ir 

Quae sufficiat addigitasse. 


cos" am - ■ - , A" am ■ a - 
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0 

« • «I 


Uipticas evolvimiH, uaii- 
BHj^ fprmuli^,',(|filU (Iu i^uctiouf argumeuli iuiagiuiirii 
arg3Mntui#rMle in ))riinis fandamcptis .dtxluniis. '• Quae vero cu^ in‘promlu *»iul, 
i loco ^iut^ holui)>u.4 4 inn\oiari. f ' ^ ‘ ^ ^ ' . ' • 


llVTEGRALIt/M IvLLlP TICOByai SECUXDA SPECIES IN SERIES 
‘ • EVOLVITUR. ' ' , 

T_./ ‘ , • 

• a-r ' . • * 

Integrata formula* supra exhibita §-.4l., l): .» ' 


, 4q*co*4* , 6q'cot6s ^ \ 

*Y i-q;’ t l-q’ • V 


► f 

i 


25- 25. 1- 
v““' ”■ ff w. ^ 

A , - • < - 

inde a X = 0 usqu6^^d x — x,,|)roremt': , 

. 0 • 

• • ^ ^ ^ # 

I^K fK *2K«8K*| t^iinSx • f *q»Mofit , «^^sitrSx ^ | 

iT- ~:~r ^.*i“rr;r ^ “r3^+ -Tr^ + .-rr^ + • -^; 

Deiigiieiuus in sequentibus |)or characterem: t*>^res.sioiiefur . ^ 

f <pm2i q’,«n4* q*sin'Gic • ^ q*«n8i ' <• *' 

•1 — <J* ■’ 1 — q* l«— q* *— V ' I* 

* •' fKx * 

E Cl* Legendi^ notatione erit,, posita ti, ifi=aniu; » 


» *» 


^ . . P'E(«>) A p’.F((P) 

, « Z (u) =i= 


Functionem /> (n) locO ip.sius K ($) in Analj sin lunctianuni ENipiiLaiiiui intro- 
ducere convenit ; quam ceterum dfe formolae S) ad terminos Cl” Legendre usitatos re- 
vocare^ in promtu esti ‘ Adumbremus paueis', quomodo ex ipsa evolutione luiictio- 
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□i» Z, qwm • formula , 1) «omplures eiiu |N 9 prielaltes ^ etsi netas, (!nri-< 

‘ ^ , < '0 • * • »< 

vare liceat. • 

• • 0 . ' ■ 'fr . ' ' * • 

Mulelar tn l) x iii x H — j-.. prodit :• * . • ' . 

* «K / «Ki ■ p ) £. . j q»int. <!*»■"«» . ql»i>6« | 

^ l V l 1-q’ " l_q* t-q* T‘|- 


under 


i: + _ 3 !=i!±L+-i±Ll£l+ . . 1 . 

n \ n / v\,r / ( t— q’ • 1— q* 1 -r q’” ( 

Porro -mutetur in 1 ) x in 8 x , <| in (]’, nimulgue k in k'”,- K in K'*”, prwlit : 


*K'>' y^tK**'. 

. 1 — V 

q-..iql»'. • 1 ’ 

1 -q- • 7- • ^ 

unde : • ' 

» . ^ 


• * e • 

• 

tK_/»K. 1 »K<V.y> 


♦ qwn£* , 

q'sto6j[ ^ -q^rnlOx 1 

«r f / w I 


1 t-q' +■ 

1_q. r'-iA"+-| 

At supra iuVenunus: 


-■ 

«. « 

SkK . ,*K« 

_ 4I . 

, ^f q'sin 5 it 

. V ?**inSi . 1 

"f . fr 

Jr . • . 

unde inntalo (| in q , x lu 

t »-q . 

!x: 


1 — • .17 . • 

. N ■ • 


, k-.A w ‘4 1 

K q'»in6i 

. q*»inlOi ^ J . 

^ 1 -r 

} 1 l-q' 

- t-rriT 

-+ 1-q-^ T 

Hinc .sequitur; 

4 

•* 

• 

0 * 


«■ • i . 

SK^/iKi. *K‘’* Y 4 K*’*/ *W'”K'” . -^/ 4 K'’'t , i 


, ’SK ,/ tk 
5 ) Z 


In (piibus fornuilis, (|iinrum 4), S) transfornialioneiii functioni.s Z secundi erdinis sup- 
peililnnt, e.sl: ' “ ' ' ' • ' 

l-V 


k'” = 


1 +fc 


K'” == k"'| = (l + k'),in 


*K. JK, 

■ ■ ■ ■ , iiD cMtn - 
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uti <ie*tnuiiiformaliope s^AiiJli or^ai*', 'a U. Jjegviidre proposita, 'tWMtat. Unrk lormu* 

• • ^’ • • . * ' ■ * 4k« ' * * ■ ** 

‘lan/ &) *[|a. uaoune, repraMeotaiy! licet,, posito u^'— : 

* #' .'t « 

6) Z (u). .^«Z^(u-^K) = k* MB aul ii ..»in u . ^ * * *• 

Poi^^bs lirevilatis caicsa ; am 1.'””)= e Formula 4), posito suc- 

cessivp "k''', .If'*’, k',”,. . . Joco k; ix,' 4x, .6x, .. loco x, prodit:* 

S n. If.Ztu)"* F‘K(P) — E*F<^) =» + k'"K'*'*io4)'*'.+ k'*'K‘*'.hi(?>’> + ... 

• * “ * * * » * 9 

(|uain (Wk Cl. pbge&dre fomutun. . ‘ ' * 

-Simili modo, e fornUila' $^4 1 : . ■ • 

• . ll.ifL-iiL « ,1 f • ■>’_ ■ I 

« . » • uwsl’ .«-^)* . (k— q*)*. (i-i’r f 

(joam etiam hunc in modum evokere lic^t : 

, iL ^ _ ifL iil ^ ; .-ii- + + _i3^ 

com{iarata cum' h«c,<. quam supra inven)iuD.s: ' ' 

• ii^r =' j. *■»' ■•• • fi''’ ■ .1 

( > 7 • l 1-V l-q'* ‘ 

prodit: ' •' , ' - • - ■ . . . .. 

. ' • ' • . . • 

8) »K(K — K’) = (kK)’ »4- *(k''’K'’>)’ + J»(k'»>K“r.+ 8Ck'*>K'«')* + . .. 

quae cum ea coareuit, .quam Cl. Caust dedit jn (>>mmeut. Determinatio jittractionie 
cel. §. 17. ' _ • 


48 . 


Eadem methodo, qua §. 41 .eruimus evolutionem expressionis siii’ani 


tK. 


l/iii. 

Zl'iiiVrin 

i 


' SK« 



/ 1— q- 


* — 8jA + A'ce»J* + A"fo»4i + A‘"«>i6i + . . .! , 
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# *■ 


• ••#*«* 

(|uani exp)«s4f)nMn pm(H>iii(am inilufft vkfemas foluiam, (]utn*lQC<) i^i>iu 2 iii x sin 2 ni x 
iiluque ponitur cos (m — m') x — _co» (m- 4 -m') x_. ♦ Fit primuin : . .. •*,** 


. A = 




«r + 


' /J _»i« f 




Deinde £ener4liter. ohtinemu» A =2B .• — •'L , siuuidem qxituUir; , » »- 

• t»- • ■ 

• a"*’ . ' <i"*' ' • * <!*'*.* * • • ■ 

“• .. ri- qV»-!’*") a-q'Ki-q'«"*) ^ tJ— q’)(J-^q’."^*^ ' • . - 


'C«' = 


d*q’)(i^V“"^) - q*) (« - q’ “ “ 'y 


In singulis harum exjiTessionuin terniiiiLs substituatur resp. : ' * , 

* • -‘Hjfi+in t q®** i q>” ’••• "■ 

. + . - 1 — l'* ti-q“' f • .. . 

q" ■ . _ « q" F .q*" .1 ^ 

f— «f I 1— q*” * . • 

♦ -#*-» •'• '*■ • *. 
prodit: • ’ • • ' 

q"» r q* I s* I q* ■ .f* V' '■.-.' 4 '* . 

~ l-q’" \ l-q* ^ I-q‘ ^ 1-q" ^ ‘ 7* 


q‘ t q’ 


q*»»* , _ q»<+» ^ , 

l_q’uA. + 7 * . ^ 


1— q’" \ 1 — q 


_ • q” f ■!* ' ’i'" » 4- ^ t*“ i’ • ■ , 

* - i_q>" \ 1-q’ ^ »-q'., '»-q* >-qVM • ' . , 

o... = + -31-; + ^iiL + .... + / 

' i-q*'“^ i-q’”lt-q’ 1-q' 1— q’ . ^ i-q*”-i: 


unde : 


- » 


, . * (B— i)q“ . *q‘" » nq“ , <j"(1+«‘^ 

* , 1-q'" ^ (1-q‘T. t-q’f (i-q'V , • ; 

. ^ . ■ *» , ■ ‘ V ■ 

His collectis, invenitur evolutio quaesita: 

• . »1 q(ld-q’)c°»*» . q'a+q')co«*i qUi^-q*)»"»^» . F ■ „ 

* ' 1 5^:^^qT (i-q*r fi-qV '^'7' 

Ipsum A = -H (i_ ^ cum etiam hunc io modum evol- 


vere liceat: 


= '«• + -*.t- + + 'r/ + -i * 

l — q’ ^ l-q* ^ l— «r ^ l — q* ^ 


#Sq' 
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iurenimus e $. 42. 6): 


t) 8A = 


(*-!>’) 1 

SI 

f**" II 




l V 


Porro autem constat esse: 


4 . 




uitegrata enim aequatione l) a x = o, usque a<I x = termini omnes, praeter primum, 
eraiiescunt ; unde si CP Legeudre notationibu.s uti placet : 

iritF* 


./■Jn 




(*— — 8F'F'E‘ + 




. df) = . 


quae est Integratis definiti satis alistrusi determinatio. 


INTEGRALIA ELLIPTICA TERTIAE SPECIEI INDEFINITA AD CASUM 

REVOCANTUR DEFINITUM, IN QUO AMPLITUDO PARAMETRUM . 

AEQUAT. , 

■* - A 

49 . 

Antequam ad tertiam speciem Integralium Ellipticorum in seriem erolrendam ac- 
cedamus, paucis, quae Theoriae illorum adiicere contigit, seorsim exponeran.s, idque 
fere ipsis signis Claro eius autori usitatis. Mox idem novis adhibitis denominationibus 

proponetur. ' '• 

. \ 

Froficucimor a thearematibas quibusdam notis de specie secunda Integralium Ellipti- 
corum. Fit : 

S »in am u . ca« am a . Ot »m a 


•ia am (« + ■) + (tt — a) = • 

* 

•ia am (u+a) ^ ahi am (u— '^a) = 


1 — > k* no* am a . aiii* am u 

S sin am a • coi am a • ^ am u 
1 ~ k* fin* am a . na* am u 
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iS8 


unde : 


•m’ *ni (u»|-a) — »in’»m(u — •) = 


4 «in am a . coi am a . ^ am a * lin am u . cos am u . ^ ani u 
1 1 — ain* am a . jio* am n 


i sId am a . eos ara a . ^ am a' . sin* am ii 
1 — k* aio* ara a . aio’ am u 


qua integrata. formula secundum u, prodit: 

U 

|nn'inl(i>+Ji) — Mo’ (o — »)J : 

0 

uti iam supra invenimus. 

Ponatur: amu = (p, ama = «, nm (ii-t-a) = «r, am (u — a) = -&, erit e nota- 
tione CI‘ Legendre: 

a 

o . »in' am u = F (ip) — E(^). 

0 

unde otiam , cum sit F(<r) — F («) = F ((J), t (■«) -+- 1' (») = F(if ): 

O 

k* . lio* ain (u -f- a) = rC*J>) — E(r) -4- E(«) 

0 

u 

• ' . iin’amCu — a) = F(0) — E(&) — E(«). 

• 0 

Hinc aequalio l) in hanc abit: 

\ 2 k^sincccoiaAa » lin’^ 

® = i-k»dn- • 


Commutatis inter se u et a, abit « in (^, in — -7, e immutatum nimn-t, unde 
ex 1 ) prodit: 


*EC<P)-{ECv)-|-EO)}: 


2 k* sin (P cos , sin’ ai 


1 — k*sin* ei . sio’^ * 

qua addita aequationi l), provenit: 

8) E(«) — E(r) s= k’*m«i . tiiip . MO» . , 

quoti est theorema de Additione functionis R, a Cl. Legeiidre prolatum, I. c. Cap. IX. 
pag. 48. c'. 
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lotegralia furmne: 


y ' iin* «p • «J<p 

|l — k’ >>«'<< . »in’( 




secundum eam, quam Cl. Legendre instituit, lutegralium Ellipticorum dutriLutioneni iu 
species, speciem tertia constituunt. Quantitatem — ^k’sin*«, quam per n designat, 
Parauietmm vocat; nos in sequentibus ipsum anguium » Parametrum dicemus. Ouorum 
Integralium, multiplicata aequulioue 2) per * '' ^ 


d<p 


dff 


<sy 


A(ip) 

ac integratione instituta a $ = 0 us({ne ad 9 — 9> quo &clo ipsius e limites erunt ; <r — 
0 - = e, ipsius .9 limites : -9= — a, 9 = 9, expressionem emimus-sequentem: 
ip ' . ' * ' 

Z’ »k’»inetcoi«tk«. ^ ^ K(r).dr ■ p K(3 ) . dS 

J |1 — k’sin’« . ain’(^jA((P) J L 




Facile constat, cum sit E( — (p) = — £($), esse: 


ip -ip 

n E(»),d(p _ r E(?>).di;) 

J J 

0 0 


+ <f 


A(<P) J ^i<p) 

unde cum sit: 

/F.(s).d» rm)-i<p r 
J J ^((P) ./ 


sive/' 

-P 


E(PJ.d» 

£l(lp) 


■■ 0 , 


“ • 

E(<P).d^ /'E(<p).d^ 


/\(<P) 


/ E(9).dj E(ij>).d(p p E(ip).jip _ r r 

A{3) J J J ^VP) J ■ 


E(»).d» 

A((P) 


nacti snmus novum ac memorabile 

THE O U E .M A I. 

Determinentur anguli $■, g- ita, ut sil: 
F((P) + F(») = F(r) ; F((P) - F(») = F(9). 


S 2 
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rrit ; ' 


k* sinet costt^at . iiB' tf > > oy 

*iu'a . $ia* 


— * k* sinet co! 

* J 


1 /EMi).a(p 1 ^ 1 /*E(<»v1d« ; 

F((f>)E(») _ _ / _ F<0) {«) ^ tj - ' 

^ ^ , * 0 « ^ 
ita ut tertia species Integraliiim Ellipticorum , quas ab" elementis tribus pen- 
det , Modulo k , Amplitudine (p , Parametro a , revocata sit ad speciem pri- 

mam et secundam , et Transcendentem novam 

' ' * 

* • «> - 

r K(») ■ d» 

■ J ■ ^c<t>) ' . ' 

0 . • . , 

quae tantum a duobus elementis pendent omnes. 


* . - 50. 

PouauHis F(oj) = 2l‘ (a), quutie«^=:a, = , •^=0, (|UO igitur casu 

e theoremate proposito nanciscimur: 


r • de _ . * / 

(l— W j/ 


' £(«>)■ ‘1'P 


c^m 


Qum docet formula , in locum Transceadeiilxs novae sul>slitui |>os«« et hanc: 

et 

* . d^ 

J (t — k*Mn'« . sia’^} ** « 

0 B 

f|uo<l est lategrnlc tertiae speciei definitum, in ({oo Ani|iIitado Parametrum aequat, qaod 
igitur et ipsum tantum a duobus elementis pendet, tr Modulo k et ({uautitate illa, quae 
simul et Parameter est et Amplitudo. ^ * • 

Ponamus 2 F ((a) = F (<Ji) F (•) = F (e), 2 F (*3) = F(^) — F (•) = F (■»), 
erit ex l): 


l /'E(?i) . d» 


t/ 




. P k' sin fi COI /i ^ fi • ”«’ 

FMF.M -J _______ 


e .de 




Digitized by Coogle 


1 / *E(y). dy P . iin*y ■ dy. ,. 

' tj A(v) J (l-li’.ij’d.»lo’<f) A(t.) ’ 


i ;• / • ■ * " \ . ' . . , . '■•■• 

quiliuii in theoremate, $° antecedente proposito, iMibslitutu formalis, ohliiieoius se- 
quens 

«t . ■ "* 

■ T H R O II E M A II. ■ . . 


Determinentur anguli fi, ^ ita, ut sit; 


A(v) 


erit : 

V 

A / ""'V • 

k iiDotrosot Att . / — ■ . ■ . — 

U — k sia^« . 

0 

^r{r)EC«) - F(m)ECm) + FCd)EC^) +• 

^ * 

- t*- • 

I f - A /** rio* y . d g- 

J |i — k’*ioV • ^(V) - 

- O _ ^ 

1« • V A A / «in*9.dff ■ . ■ f 

' »”** * 

0 

qua formula Integralia tertiae speciei indefinita revocantur ad definita, in 
quibus Amplitudo Parametrum aequat, ideoque quae ab elementis' tribus 
pendebant, ad alias Transcendentes , quae tantum duobus constant. 

t f 

('.omiuulatis inter se « et abit in — -9’, a immntnlum manet, unde cum 

« • 

in.suprr sit: ' " ’ . 

sr • A ‘ ■ f 

0 


r E(y) ■ dy _ n 

y. A(ip) y_ 


E(9).d>/- .< 

v-: 


— s 

e theoremate I 


+9 




* 


/ k*Mn«cco$o(^« . dgi E(g) . d^ 

|t-k-ri,*..«n>|:i(v) = - —y — — 
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obtioemus : 


k’ «n <f co iyA» .«in*» . 


FWE(V) - -j-_y 


' t 

¥ 


E(v) . d« 


, y» k*»in(yco»yA» .«i 

Hinc, subductione facta, prodit: 

tP * * 

p k’iin.co»« ^« ■ »'M*T • <t<f _ k’«nyeo»y/^y . sin»», d» _ 

*) / rrirk^iD’» . •io’») J tl — k’»in'» 

‘O “ 

F(v)E(«) — F(»)E(t)'> 

quae docet formula , Integrale tertiae speciei semper revocari posse ad aliud, 
in quo. qui erat Paranieter , Jit Amplitudo, quae erat Amplitudo, ft 

Parameter. 

' Ubi iu formula 2) ponitur >? = -j-> obliiicmu.s ; 


/ 1 k "iingc<w«^« ■ -dy 

(1 — k*Mu’et - MD*fi 


= F‘E(«)-E*r(«>. 


Formulae 2), s) cum iis conveniunt, quae a Cl. Legendre exliibitae sunt Cap. XXIll. 
pag. t41. (n’), (lO- 


• INTEGRALIA ELLIPTICA TERTIAE SPECIEI IN SERlE.H 
evolvuntur. quomodo illa per TRANSCENDENTEM NOVAM Q 
^ COM 3 IODE EXPR 13 IUNTUR. 

• 51 . 


B formula: 


. A. ■ t / ■ A^ - 

»io*»m (»+A) — tm’am A) — 


4 un am 


rrrtr Asm . rinim cosam Aam 


SKi 


2Ka 


ZKA 


, tKa 

H — k’aii>’ani . ««'am — - — l 
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(juae ox^eJwiieiitis ooastat, cruintut integraudo: _ 

t 

0 ^ d» .|im* am A) — iia*am ^^ -(a — A)| =: 


« . <KA «KA ^ fKA tKt 

t iiD am cotam A am . sin*ain —— 


.. . , «KA . *Ka 
l “■ » »id’ am — « Sin* am -- 


lam dedimus §. 41. formulam: 

iL JK ,K SF/ 


*R -ffqco*2* 4q*cos4t 6q*cos6i , i 
» 1-,» +. + i_,. -+ t 


unde: 


/ *kK . »K SK 1 

^ ~ j j*'" r»~f*A — siD’am (t — A)j = 

tqco.«(, — A ) 4q*C0f4(«_A) . 6q>coj6fj— A) » 

( i-q> ^ — + — niT’ — + ••) 

_ tgeoitU-j-A ) ^ 4 q'co» 4 (i + A) . 6q’co56fi + A) » 

I 1-q’ ^ rzr; + 5^-:^ + .. = 


8 


I iqsinCAjinSi 


l_q> 

Hinc fit cx l): 


-q’ 1 — q' 

4 q*»m 4 .Aain 4 i 6 q^ sin 6 A sin 6 1 


«-V 


1— q' 


IK 


. *KA 2KA , 2KA 

X k sin am ' cos am — ^ . 


iKi 



ir 

1. 

. , SKA , , *K« 




n 

n 

Coost. 4 

1 qsinS(s — A) 

. ^ 

q'sin4(t_A) 

q'sin6(f — . A), \ 

t l_q« 


l_q. 1 

»-q* ' ■■» 

— 4 

) qsint(s+A) 

. 4. 

q’sin4(l+A) 

qSin6(x<4”A) 1 


I l-q* 


1-q. + 

l-q" ' ' ■) 

CoDil. — 8 

f q sili 8 A cosf a 

. 4- 

q’sia4Acos4s 

t}^ain6Acoa6a j 


( l-q> 


l-q. 

~ l-q. +--I’ 


ubi ita determinari debet ' Co/Mtan« , ut expressio proposita pro x = 0 evane.scat, unde 
e 5- 47. 1): • 


Coost 


- a.l q»>n«A , q»rin4A , q*sin«A , , tH _ /I KA \' 

\ 1-q* ^ 1-q. 
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„.L..Uta ..n,u.i., = = «n.™.. i«.8r.l. arf»;.»: 

Mf 

* 

/ “ 3 “ fiimniicomn» ^» 1 » • » 1 ° _k y.f.F. 

^ ~i— k’<io’ania . lin’ am n 

0 * 

4 UOtl LdOT est aUjue S) §• 50. 

‘ ‘ Desi^^oabimus in sequeniibu» per characterem n (u , a, k) seu brevras per n (u, n) 

integrale : n (w , a) ^ = • 

M A_ * dn k’»in» roi« • ** V 

= ««.“•'i™» ” 

usque ad X = X, prodit: 

/ 2K. *KA,_ 


SKi 


q co» ? (« — A) 

q’cos4(* — A) 

4. • 

q'ct>i6(x — A) 


t— q' 

q COit(* + ^) 

*(i-q‘) 

q’coi4(i + A) 

1 

. -H 

Stl-q*) 

q’ cos6(* + A) 

^S(l-q-) 

1 

■ +.• • 

l-q’ 

*(l-q‘) 



q »tn 8 A sio2x 

q" «tn4 AMa4x 

. .4. 

q'Mo6Asin6x 


l-q= 

■ + ^ S(l-qv> 

1 

9(i-q‘> 

'ir 

» 


,,uae est Inlogralis Elliptici tertiae speciei evolutio quaesita. 


Elii adnotatur evolutio nota; 


{ q* co» 4 1 

- lo*(ti-*qco.*.+ q’) = «^qcoaSa H 


q^caiSa S*t°» 8 » + . . .|. 


. ' • tfi 

- . 'ii nf «,1 = Z' ; itaui, «piod oo-‘ 

♦1 O' Ugenire paullo alU *il daooUtio; pomi emm ille n(n, J 

* <. 0 


hia «II n(e, a), Uli «it: 

— CO» et ^ a 


K(^j + _^£i=£l!Ln(-ii’.!o’-. ip). 

un « 


1,0-0. n .. ..m ^ ™>UpUo..H. n. a«plm . -ohl. adhlbUo . . c<.m«..e..r . vi. -ooeai 

dcbft. 
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ri(lemu5 formulam S), ningulis evolutis ilenominatoribos 1 — q‘, I q*, i q* eet 

hanc induere formam : . ^ • 

4) n(i^, IMj = I • ' ~ 

" ^ " A * (!-*<• “**(*+A)+q *) ... r 


■: ilr) fl(t''rtu''; 52,’’"** ' 

Integrata formula l) J. 47; 

*K ^ »K« ^ ) grinti <|’<ia4« | «’i!n6i 1 

~ + • • 

a 35 — 0 UM|ne ad x=x, prodit: ' 

f" ■ 

S 

\ j afijeo.2» q’coi4i q>co>6t 1 

= log 1(1— Sqco»J.q-q’){I— *q’co>*i + q’)(l — 2q>coj*i + q'«) . . .J + ConU. , 

ubi Corutan$ ita determinata, ut pro x = 0 evanescat, fit = 

*(t:^ + tal,*) + 8(ilq») +•■! = - . .r.^ 

ideoqne: '* - - 


±q") I 


1) r 7 ^**^* ^ di = ha:! «q*coN«. 

f ^ |(l_q)(l_,>Ml_,.J . ..,• 

^ . y -1 «X 

Des^nabimns iu poftefum per characterem 0(u) expressionem: 

H- I '■ I ■ U<4-ni' II .1 l'* •:•.■») '■ 

t rl ' . • ' -s' ■ 

^ / X (u) . d a J 

»W«.9(0).0 . ' i|K .. \ 

designante 0(0) Constantem, quam adhnc indeterminatam relinquimus, dum commodam 
eius determinationem infra obtinebimus; erit ex l): 

^ l V / (l — tqcoiSx4-q’)(t — Sq’c<>»!t + q*)(I — fq*eo*liq-q“) . , . 

»( 0 ) t(t-q)<i-q’)(i-q‘) - - r • 

T 
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iindr formula 4) §■ 61 iu hauo aliit: 

/ IKi <KA k SKi „ /<ka k 1 




.sive , 


SKi 


rursus posito u 


*KA 

It " 


S) 


n(u, i) s= uZ(») + -^log. 


®{o ») 

«(■>+•) 


u 


»(«) J_ 8(u~») 

®(») * *• »(u + i) ’ 


siijuidem ponitur: = ©'(n). Qiiai; est commoda expressio Intej;ralis Klliptici n 

per Transcendentem novam ©. 

Facile constat, esse ©( — u) = ©(u), unde corainiilatis inter se a et u, e S) 

prodit : 


n(., o) 


> Z (u) -t- — log . 


«(■»-») 
«(*■+•) ’ 


qnilnis a 8) subductis, fit: ' . - 1 \ 

4) n(u, a) — II(a. u) = uZ(a) — aZ(u), 

quae eadem est atque fomiuia 2) §. 60. Hinc, posito n (K , a) = n'(a), evanescente 
n(a, K), Z(K), fit: 

n'(a) = KZ(i). 

quae est Cl' Legendre, quam supra exhibuimus S) §. 60, forinula. 


Posito n = a , e S) fit : 


S) n(a, a) xa aZ(a) + — log . = aZ(a) — log . . 

Videmus igitur, Transcendentem nos-ain sive per Inlegrale ^ ^ definiri jiosse ope 
formulae : . . V 


«(u) 

®(D) 


A ’ 

fiu.ZM J. 


= .0 




. «1 tf 


sive per Inlegrale definitum tertiae speciei ope forniiibie: 

T) »aZ(a)-Sn(a. a) 

®(0) “ * 
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E formula S) nauciscimar: 

hI^ 

unde S) in hanc abit fonnidam:~ 

« n(.. - .ZM + ^.j(- J-) - z(:i+ij 

quae est pro reductione Integralis t. sp. indefiniti ad definita, atque cum Theor. U 
$. 60. convenit. 

COROLLARiUU. 

Uli iam sapra ex evolutionibus inventis Algorithmos ad computum idoneus deduxi- 
mus , minus ut nova proferantur , quam quo melius earum pcrspiciatur natura ; idem rur- 
sus agamus de inventa evolutione functionis , • 


'Om6uvH'kii ' 


TJlm. 




F*E(,)_E*rfu)) . 

• .da . 

A<r) , “Ki-y 


{1 — eoi*i + 1*) (1 — t VcOf*.-|-q*)(l l‘eoil«HSq7p:RJi . 

fluem in finem antemittamus sequeiKia. - ■ ; , ; tj t — ' 

» . • 1 ' » ■ . * 

Ponatur productum inHuilum: 

T = ... 

« l i+q Ai+q’M»+<i‘Mi+<iV 
siquidem iteratis vicibus substituitnr: J 

(l-,*) = (l-q)(I-hq). (l-q‘) = (l-q*)(l + ,*). (l-q») = (l -q*)(t + q*). 

prodit : 

T 2 
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unHc videmus, fore: 

Sive etiam cum sit: 

lil T = (l — q)V~T, unde T := (1 — (j)’. 

Ex i) iit; 

(|ua in formula loco q successive pouamus q, q', q', et instituamus iiifiiiiiani 

multiplicationem. Advocata formula supra exhibita: 

prodit : 

(l-S)(l-q')(l-q‘)(t-S’) ••• = |k'!*(k'’<|A(k'*''|A ... 
siquidem designamus, ut supra per L.'°’ quantitatem, quae eodem modo a q* pendet aKjue 
k' a q, sive Complementum Moduli per transformationem primam n'* ordinis eruti. 

Porro invenimus §. 56 : ■ . . . 


unde iam: 


|(l-<t)(l»-l’)(l-q‘)(l-q’)..|*= 

= ••• 


~ irK' 


8) q =« « 
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rosilo HI — l , n — k ; — ^ — = m , V^ni n = ii'; ” =: m", Z' m' n' = n", 

cet. ; uoluiu est fieri k' = k'*’’=^, k‘*’’=^, oet. , unde: 

Uioc etiam fluit, designante /u = limitem communem, ad quem quantitates m'*”, 
n'*” convergunt: 


V' _ * /i 16 mn , S , m' 9 . m" 

K = + -S^lo*-r + -i-log-T + 

tfi. l mo — nn * n 4 ^ n 


m" 9 in** I 

-T H — r’1®* “UT + • • •! . 
n 8 u ) 


quae formulae computuni expe<1itLssimum suppeditant. Docet 5), ijuomodo ex eaticm 
quantitatum serie, quam ad inveniendum valorem functionis K calculatam habere deltes, 
ipsius etiam K' valor confestim proveniat. 

Formulam 8) transformemus. Fit, ut notnm est: 


.. t — k'" , t/~ k'*' , kk 4k'” 

■ l-J-k'"’ ’ “ l-|-k<*> * "Y" 


Hinc obtinemus, siquidem iteratis vicibus simul loco k substituimus k'*’ atque radicem 
qnadraticam extrahimus: 


i 6 k’ i f \ i 6 k‘’>' ; 

\ IBV*'’ 7 f 1 l«k**>' / • 


unde posito p = 2" 




Hinc videmus e formula 8), qs=e * limitem fore expressionu { 
acente m seu p in infinitum, quod est theorema a O* Legendr# inventum. Vv 
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Nec non vel ipso intuitu formulae a nobis exhibitae: 

k ^ i/yi • • • r 

\ (>+<t)U+-t‘K«+q*)Ci+V) • • • 1 

patet, neglectis (|uantitatibus ordinis q’’, fore: 

P /k'Vk‘P> 

’ = V ~Ti— 

ijuoil cum dicto theoremate convenit, 
lam in formula nostra 

’ U + q / 1 1+q‘t ( l+q-l 

loco ({ substituamus successive du[ilicein (|unutilulum seriem; 

q«’i*, q‘c’i*, q'e’'*, ... 


et infinitam instituamus multiplicationem. Advocetur formula §' S6 : 

!Ki 

^ am — 

ir (1 ->-2q€Ostt-4-q*) (1— — fq^cojSa + q**) ... 

“ (l + Sqco.*. + q')(l-f.*q'«.2«+q»)(l + 4q^C«f«4-q^) . . . ’ . 

ac designemus per expressionem 

tpK‘P>. 

» (l— *qPco.*p.+q’V)(l— *q'Pco.*p.+q‘V)Cl — *q’Pco.*p« + q«l>) . . . 

(l+2q**cos2p«+q'l’)(i-f-tq*PcoiJp«-}-q*P)(l*4"S^***c®»*P»+V*^) • * ■ * 

provenit : 

a 5 A...I A...la-'A ^ (l-«qc.t..HH’Kl-lq'ce.t. + q»)(l-tq.cokt.q.q-«J . ■ ■ 

Ki-qHi-q')(t-q‘J .. r 

Factorem constantem, quem adiecimus, ^ j. ^ j • _ ^ . > ex supra inventis sire 

eo determinavimus, i|Uod utraque expressio, posito x = 0, unitati ac(|iiali> evadat, 
lam vero invenimus; 

IK. _ 

(l — tqco.f ..f-q*)(l — tq'cojJ»4"q")(t"-®q*eo.f ..^q**) . . . 




unde 


8 ( 0 ) 


8 ( 0 ) 


t(l-q)(l-q')(l-q') . 


= . A'*' . . . 


Digitized by Googie 


151 


SKi 

Hinc posito = »> am u = (^, et adrocatis formulis, qnas CI. Legemlre 

de transformatione secundi ordinis proposuit , nanciscimur sequens , quod compulum 
expeditum functionis 6 suppeditat , 

T H E O R E.M A. 


Ponatur am (u) = $, m = 1 , n = k', A ((p) z= i/'mm cos’ ^)-+.nnsin’fl»= A, 
et calculetur series quantitatum: 

’ * ' - I' * 

in4>a ^ 


erit: 


^ , t ' i . . . .s ^ . 

'V' * 

n' 3=; ^ mn f a* = ^ m' n' « »" ■■ ^ 

"" = ~*A— =—JZ’ ^ iA* — 


«w - .0 

«m 


( ID / ’ I m' j I m**j * lm'^1 


('iiiuft theorenintis abscjae CTolationnm consideratione^ per foriuulas notas ac fini- 
tas demonstrandi negotio, cum in promptu sit, .siq>ersrdpmns. * ' 

, ; «lllos • v'-r • , ■ -II I 

•h ''.- - . \ 

DE ADDlTIOJiE ARGUMENTORUM ET rARAMETRl ET AJIELITI DiNJS 

Pe . f T- . ' ^ MOPU'" ■. 

IN TERTIA SPECIE INTEGRALIUM ELLIPTICORUM. 


. i S uli’'': , ' "i.‘ • Y • 1 I’ 'V* _ - • . ■ I 

Formulam in Analj'si Functionis O inndafnenlal»n et cnius nobis in se<|uen- 
Libtts frequeotissimos astu erit,, nanciscimnr cenaideratione sequente. Fitenjm quia |to- 
situm est: 


U 

_ k’nn>ni «CMsma Asm» . «■'•m n . 

n(o, m) mL / 

V 1 — lr«a’ein« , nn'M>ia 


0 . 


fit: 


I ' ' M 

anCs, ») k*ii»waae»s»w» Asia. Mmm 

' j r, Ja ™ 1— i*sia*aa«s . sta^aSiS ~ 


J , • 7 I T KtM Pw ^ S •* .' ^ 

-i-- ’ ~ ■ 

A '- - •: r “ - 

, ...... . 

t t • M 


i 
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(,)aa formula «ecundum a integraU ai> a = 0 usque ad a = a, prodit: * 


»y'"- 

0 


dn(». ») ^ ^ ^|og(l — k*iia'>ii)»nii’unu). 

d u t 


Fil autem' e s) §. 62: 


•dn(u,.) 1 1 .«•(“+») 

*' — dZ * ©(□_•) * ©(«+•)■ 


unde: 


= io«.^ - ) - 4’*'’*®'“+*’ + 

0 

quibos substitutis, dum a logarithmis ad numeros traois, o l) obtines: 
S) ®(«+«)®(u — •) *= — . .in’imu). 

Formulam 2) ita repraesentare possumus: 

— k’«in* «uasin^un u t 2 


unde commutatis a et u: 

k'iinunnco<aina Aamn . >in’iini 


=: Z (tt) p *(“ + •>• 


* 1 — k* ,in’ am a aio’ aoi u 

quibus additis formulis prodit: 

4) ^Z(o] 4- Z(a) — Z(u4-a) k’sinainu . sio ama . iinain(ii-4>a), 

quae est pro Additione functionis Z, atque convenit cum formula S) §. 49: 

£(<>:) 4- E(«) — E(»} = k’aio V . tioB . ainv. 

F* E* — E* P* 

Posito a = K, cum facile constet esse Z(K) = = 0, prodit e 4 ); 

$) Z{u) — Z(o 4 -K) = k*iinainu . tbcoam u , 

, (|uam §.47 ex evolutione ipsius Z derivavimus. Posito — n loco u, K — n 
e formula 6) obtinemus: 

6) Z (u) 4- Z (t) sm k’ nn am u . lin am T . 

Posito U=v = 4-, fil: 2Z(4-)= 1-k'*). 


*) Eft eotm t lia »tn 


K f l K /* V . K K 1 
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u 

Formulam 5) inde n u =; 0 nsqne ad u = u iufej^remus. Cum sit ^Z(ii) . d ii = 


prodit: 


log^ - log 
^00 ** 


0(u-f>K) 

®(K> 


SE* r— log A ani u , 


»ive: 


^ 00 0(ii + K) 

' 7) ----- . ^ = A aiii u , 

^ 0K 0u 

Posito u 3= — K , emimus e 7) valorem ipsius 
„ 0K 1 

’ 00 - /-i- ’ 

unde 7) formam induit: 


9) 


0 (u + K) A ani u 

~WZ /V 


Formulam 9) ex inventa evolutione: 

\ 9T / (l — SqcoaSx-f-<.|^(l-~Sq'co59s-f-q*)(| — Sq*roi2i-f>«|'^ . . , 

“ Ki-q)0-q')(i-q*) --I' 

facile confirmamus. Fit enim, mutato x in x 


unde: 


0 ( 0 ) 




(l+SqcojSl-f-l)’)(t + tq’coiJl-|-(j*)(l -{-2q>coi>x-t-q'C} . . , 


— 0-t-iqto«Si4-q')(l + gq’coit«4.q*)(l-(-gq«co>tl-pq'») . . . 

~ (l_iqcO>gx+q’)(l— »q'cottl4-q")(l — * q> CO» S l+q‘' )T7T ’ 


A am • 


tKx 


(|uam ipsam expressionem invenimus §. S5. = — iiti debet. 

V 


E formula 9) expressiones n(u-t-K, a), n(u, a-4-K) statim ad ipsum n (u, n) 
revocamus. Fit enim; 


U 
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10) nc.+K. = (u+K)Z(.) + ±Iog.||±J^ 

= n(,..) + K.zw + -l,og..| g^- 


'n) n(ii,«+K) = uZ(»4-K) +-i-iog-^^!! — - — = 

> . -r y V -r ^ -r J K 

- . . , , . • . . 1 (« — a) , 1 , A aro (u — ») 

u 2 (a) — k siuam a . iin eoam a , u -f- •~rr Jog ■ «4»^ — — los . ■ — =s 

^ ^ ^ » ©(u+a) ^ ® Aai»Co4-a) 

* ... . 1 , ^ am (n — a) 

II (u « a) — k* i\a am a ain eoam • • u 4- loff - ^ . 

2 Aam(u-^a) 


54 . 


K foiiuula fuudametitali, cuins 0 |ie functio n i>er functiones Z, 9 definitur: 


1) n{u..) = uZ(.) + -liog.-||^, 


advocatis sequentibus et ipsis in Analjsi functionum Z, 9 fundamentalibus: 


If) Z u Z(u«f>a) = k* lin ain a . «inam u • ainain (u^a) 

III) 0 (u-f**) ©(u — a) 3= \ - - ^ — I (1— -k’ »in'ania . «'in*ain u), 
l 0 0 ) 

iani facile formulas obtines et pro exprimendo n(n-{-T, a) perll(u, a), n(v, a), quod 
vocabimus de Additione Argumenti Amplitudini», et pro exprimendo n(u, a-^b) per 
n(u, a), n(u, b), quod vocabimus de Additione Paroniefrt theorema. Quem 

in finem adnotamus sc<|uenlia. 

K formulis: 


n(u,i)= u.Za4* l»j • 
n(v, a)= v.Zaq--plag. 
n (u+v. a).= (u+t) z a + i log . 


8(— ») 
e(u+a) 

0{v — a) 
eCv + a) 

»(ii + T — a) 
0(u+a + .) 


sequitur: 

l) 


n(u, a) + n(T, a) — n(u + T, a)= — log. 


0(u— a). 0(a— a) . W(n-pvq.a) 
0(u-|-a) . 0(vq-a) . 0 (h+t — a) 
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ExpreMioDem sub signo logarithmico mnt«m»mrt • 


9(u — i) . 0(t — ») . 8(u-j-v + i) 
•^(u-f-a) ■ 0(u*f*T — a) 


ope theorematis fundamentalis IO. duplici ratione ad functiones ellipticas reVocare licet. 
Fit enim ex eo primum : 

0(.+,+.)0. = {-J — L_^_! 

(jaamm formularum prima et quarta in se ductis ac per secundant et tertiam divisis, 
provenit: 

»(u — i).0(t — .)■ 0(u + v-t-a) 


0(“+»). 0(t+»). «(n + T — •) 


|l — k' lin* amj 

[^) 


|l — k*iin’ am| 

m 

1 • Ma* am | 

* •)) 




1 1 — k* «n* am | 

(Tj 

) . «io* an 1 



Sic etiam, quae est altera ratio, ubi theorema fundamentale 111, hunc in iiio- 
dnm repraesentas: 

f 0u.QT I* 3 (u -^v) 0(a— . v) 

^ 30 / 1 — k'siu'ainu . unSnt V ' 

fit: 


1 0(a — ,)0(v_.) )• 

0(u— t). 0(u-f-T — Sa) 

\ eo / 

t — k*»in’am (u— a) . «in'am(T — a) 

( 0(«+.)0(T-h.) )* 

0(u_T><. 0(B + T+*a) 

1 eo / 

1 — k*iin*am (u-f*a) • sia^ am (v 

( 0» . 0{u + f — ») )’ 

3(u + t). Q(u-f>v — 8a) 

( »0 1 

1— k’ain’aina . aia' am (u + t — a) 


U % 
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0(u + r) .0(u + » + *») 


I 9a . |*_ 

1 00 I l — li'»iD'am» . 


(juariini fbriuularuni rursus prima et (juarta in se ductis ac [<er secundani ct tertiam di- 
visis, extractisquc radicibus provenit: 

0(u «).0 (v ») . 0(u-j-T-t-B) _ 

^ 0(u4-a) ,.0(* + *) . 0(u-Pv — 

H_li» .in’am(u+«) ■ .in’»m(v-p»)i 1 1 — »n ia ■ »i n'ani(u -pv — »)| 
r ■iT^k’aiii’ani(u — a) . aiD’am(T— a)| ( 1 — k‘ «ii’ama . «in’am(u-J-v-t-a) ) 

Ut ex ipsis elementis cognoscatur, (luomodo expressiones 2), 8) altera in alte- 

ram trnnslcirmari jiossiut, adnoto sequentia. 

Ulli in formula, iam saepius adhibita: 


siDam(u«f»v) • «iDam(u«»v) ; 


sm ani u — sin ani v 

1 — k’ sintam u • sia*auiv 


loco u, V resp. ponis u-t-v, u — v, prodit: 


sinam 2 U . sioam2v s 


sin’am(u-f'V) — sln’am(u — v) 

1 — k‘sin*am (u^*^) • am^am(u — t) 


Porro dedimu.s formulam: 


4stn am u • cosam ii a A am u . stu ani v • cosam v . a^ani v 
»in® aiii (u + v) — siD*am(u— ») = 


unde multiplicatione facta, obtinemus: 

1 — k*sin’’aro(u-^v} . lin'* am (a — * v) = 


{ 1 — k’sln*am u sin*atn 


4sinamn • cosamu • Aaniu . sinam * • cusam « . il^am v 


sia ain S u .sin ani 2 v { 1 — k* sin* ani u . stn* aifi w f 

(1 — k’ sin* am u J J 1 — k* sin* am v | ^ 

{ i k^ siu* arti u . sintam T * 

cuius formulae beneficio formulae 2), 3) iam facile altera in alteram abeunt. 

E formula 4) adhuc deduci potest haec generalior: 


5) 


1 1 — ^ k*sin’ am u • siii^ am y | { 1 — k* sintam u* . sin*am v | 


{ 1 — k’ sin^ am u . aio’ am ^ — k'* V . aio’ am 


« 1 1 “ k’sin*am (u -f-u) . sin’ am (u — » u*)) \ t — k*aln’am (y-l-V) , sln*am(v — v’) J 
^ 1 1 — k* siu’ am (u + t) - sin’ aro (u — y) ^ C“'+ ’*) • 


*) NoU enim esi formulae: sinam 2 u 


2sinamti • cosamn « ^amu 
l — k*sio*am u 
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At (.1. Legeudre eo loco, quo de Additione Argumenti Atnpliludiniis agit, (Cap. XVI 
Comparaiton xle» fonctions eUiptique» de la troiaieme eapice^ eam, (juae sub sigilO loga- 
rithmico invenitur, qflantilatem sub forma exhibet hac: 

1 — k*tio ani a • ain am u . sinam a' * sin am(u-^T — a) 

1 -f- k*siuani a . sin ani u » ainaiii v « siu am (u v 

(juam non primo intuitu palet, quomodo eum expressionibus a nobis inventis sive 2) sive S) 
conveniat. Transformatio satis aljsirusa hunc in modum jieragitur. 

K formula elementari, cuius frequentissimam iam fecimus applicationem, fit: 


Sin am u . sto am \ = 



1 — sintam ^ 

’ u — V \ 

1 * J 

* ) 

/ u • 

+-V^ 

1 sio^am 

> 

i 

9 

A a. un aiii i 

* 

V » } 


sin am a . sio ain (u -f* r — a) ' 

. i. 




ijuibus in se ductis' aequationibus, prodit:, I 

- a)} X 

|l — k^ sin ama . alnamn . sinamv . siaam(u-^v — a)|^ 

— k’ |.io’am _ jio’>ni | — i »| | • 

9 

Altera aequationis jwrs evoluta, terminis 


/n + v\ 


1 -f~ 1 

f“+'- ,1 

l * ) 

I* " 

is- / 

/» + M 



f.^±l - »1 

\ * / 
fit: 

1 l * J 

1 sinuant | 

i * / 

+”'T • , 

Un’ 

/ U-f V 

- >1 



‘“i X 

V . 


4 ( “■b’' \ e» • > * t 

la A sfs 1 1 ■ * d n * B ws 1 

r«_Ti 

1 SITI ain 1 

_ >1 

L taui 1 ^ 9IU taiii| 

l « J 

vi 

1 nn’am | 

i * V 

l X //r ‘•■""'1 

i * J 

i * 7 
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unde tandem prodit : 

1 — k’*in*»in «in*™ 

S) ' " I. . <!l«-k**ioama . aiatmo . iloam V . 8in»in(o4-Y^ft)! 

.. . /“ + v\ \ ' ' ^ 'I . 

1 — k’ im* am I ^ — l 

Hinc mutato a in — a, eruimna; 




^ k* sin ani a . sinam u . svn am v . sin am (u-^s^a)i 


t — k' lin^ain | 

fn— t '1 



i s J 

1 8111^ sm 1 

{ t ^ } 

1 — k’ sin^imj 

ru-t-. ' 
* > 

1 lin' am | 



unde dirisione facta: 


. ainam(u-f-v — a) 


iin am (u V «f^a) 


1 Am ^ 1 ftin^ a^h / 

'“ + ' -t-a^ 

A B #111 aiii I f asii flits ■ 


f V ^ csn^ Am ^ \ dn^ am i 


m B am am ^ / •••• am ^ 

V 


(|oae est transformatio quaesita expressionis a Cl. Legendre propositae in expressionem 2). 

1 V • ■ “ — * “+’ “+s 

1'ormnlam 6), posito u, a, r loco — ^ — , — — , — ^ a, ita quoijue reprae- 

sentare licet : 

8i 1 — k^sinam (a-{-o) . sin am(a — u) . sinam (a-f-v) . sinam(a — r) = 

{1 k'sin* am s } {1 — k^iin* tm n • •in*am t } 

{l»k’no*ama . nn’«mu{ { ^ • •>n'anivt 

unde formula 4) nt casus specialis fluit, posito n = v. 
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55 . 


E fonliulis autccedeods l), 2), S), 7) «equitur; 


I) n(u. .)+ n(». .) _ n(u+v, •) == 

i - 




ft-k*sin*aml'iLnll 

• sin-n. 

aU/l h*sm*am 

f» + Vl 

. »in’ am 


1 4 K #IU dll ■ 


2 

1 2 + /) 

|l-k*.in*am(Jl^ 

. ain* am 


fu + y 

. «ia*am 

f“+r ,u 

* J 

2 )l 


T‘"» u 


|i- 


e «lo* »m ( u | 

k*Mo”un(u>— >) • •m’aai(v — a)} (l^.k*«ta'ama »io*atn(u + v+«J} 

1 . l«->k*aiaama . ainamu . smain v. •mam(u«^T^a) 

_ ]o« . I — ■ .... 4- . ^ — ' * • 

% 1 k* aio am a . ain am u • aiii am t • aio am (u ^ T ^ a) 


quod e»t theorema de Additione Argumenti AmpUtudimt. Prorsua eadem methodo investi- 
gari potest alterum de Additione Argumenti Parametri, at ope theorematis de reductione 
Farametri ad Amplitudinem, quod nobis suppeditavit formula 4) §. 52: 

IV) n(o, ■} — n(». u) = uZ(») — aZ{u), , 

e formula l) idem sponte fluit. Etenim e IV. fit: 

n (a. u) — n (u. a) = a Z (u) — u Z (a) , ' 

n (b; u) — n (o, b) = b z (u) _ u z (b) 
n(a+b, u) - n(u, u+b) == (a+l>)Z(“) — uZ(a+b), 

unde : 

n(u, a) + n(u, b) — n(u, a^b) 

n(a, u) -f n(b, u) — n(a-(.b. u) u(Z(a) -f- Z(b) * Z(a + b)t* 


sive cum sit ex l): . 

1 , 1 — k*aifiamuaaiaam a. ainamb.Mnajn(a + b ‘^u) 

n(a, u) + n(b, u) — JI(aipb, u) = «yl«g. . . t, ■ — : : r — : 

X l^k*aiaaintt*auiaina.«uiamb.fmani(a«^b^u) 

U n- -f- • 4 f' 

» * • 


fit: 


Z(a) 4* Z(b) — Z(a-)-b) s k*tiaaaia . aiaamb . 'ita an (a 4* b). 


2) n(a, a) + n(u. b) _ n(u. a + b) = 


, , ... t . 1 — k^ainamu . «laam a . sin atn b » uaain(a + b— .u) 

a sin ama sinamb sinam (a^-b) . n + log , ■ , 

2 1-f-k‘sinamu . smama . smamb . sin am (a ^ b -p u) 

quod est theorema quaesitum de Additione Argumenti Parametri. 
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Alio» eruimus formulas satis memorabiles consideratione sequente. lit eiiim e 
theoremate 111 1 


( e(n— a}> ©(» — 

\ 9(0) / 

I e(u-t-«) ■ 9(vq-b) I* 

[ 0(0) t 


9(u + v— » — h) -9 (■■ — >'— 

“ l_k’»in'ain{u — ») . lin’ im(v — b) 

e(u+v + a + b) ■ 0(u— Y + » — h) 

“/ 1 — k’«n’»m(u + s). »in’ aro (v+b) 


lam e theoremate I erit: 

1 ft(u-a).e(v-b) 

n{u. a) + n(v,^) = uZ(>) + • e(u-l-a) . 0(T + b) 

1 („+, _»_l) . 0 (u— T— »-t-b) 

n(u+». a+b) + n(u-».»-l>) = (u+s)Z(a+b)+ (u— v)Z(a-b) + J '®« • . 0(u-,-(-a-b) ’ 


unde : _ 

3) n(u + », a + b) + n(u-», a— b) — * n(« . a) — » n(T. b) = 
(„+t)Z(a + b) + (u-Y)Z(.-b) - *uZ(.) -*vZ(b) + 

1 l_k’»in’ aro(u— a) . «in’am(v — b) 

i_k’»in’aro(ii+a) . •i>i*ani(v + b) 

r 

sive cum sit: 

Z(a) + Z(b) — Z(a + b) = k’*mama . linamb . s!natn(a + b) 

Z(») — Z(b) — Z(a — b) = — k’iinam».»mamb.Mnam(i— b). 

prodit 2), S): 

4) n(u + v. a+b)+ n(u-T. a-b) - *n(u. a) - *n(v. b; = 

’ V* kin am a a sin am b \ 8inam(a-f-b) .(“•+’) «nam (a b) . (n 

I 1 _ k ’ lin’ am (u — ») i'> — b) 

+ — I k^aia*aiii(n4-a) ain’am(vf-b) 

* \ 

Commutatis inter se u et v, obtinemus: 

5) n(u + V. a+b) — n(u — T, a — b) — 2n(T, a) — »n(tt. b) - 

_k *ina.na.amarob(ainam(a+b) .(u+Y) + .inaro(a-b) . {u- y)! 

1 1 — k*tin*amfv — a) ■ »in'a m(u — b) 

+ "J" ’“* • 1 _ k’aio’ aro (Y + a) . »in’ am (u + b) 


Additis 4) et 6) obtinemus: 

(!) n(u + Y. a + b) - n(u. a) _ n(a. b) _ n(Y. a) - n(Y. b) = 

_k' sin ama lioarob linam (a+b) .,{o + y) 

, , |_kSro’nm(n-a).in’am(Y-b) 1 -k’ .ia»aro (Y-a) ain» aro (n-h) ) 

+ T '"*1T:^k^m(o+.)rin*-m(Y+b) ■ l-k*.m*am(Y + a)«n*an.Tu + b) ) 
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Pouto v = 0, e 4), 6) prodii: 

7) n(u, >+b) + n(a, «— b) — cn(«, «) = 

— k'ftiniiua lin am b ( «n «n (» + h) — iinain(a — b)|u + -^log , 

8) nCu* a + ^) — n(u*a — b) — fll(u, b) = 


1 — k* aio* am b sin* am (u — a) 
1 — k* aio’ am b ain’ am (u ^ a) 


— k* lio am a sin am b ( «n am (a + b) -f' am (a — b)J h -f- log . 


1 — k* aio’ am a aio* am {o — b) 
i k* ain* am a aio’ am (u + b) 


Posito k = 0, e 4), 6) prodit: 


9) 

10 ) 


. 1 

n (u -f* » , a) + n (u — » . ») — f n (u , a) = -j- Ickg . 
n(u^-T, a) — n(a— T, a) — jn(v, a) = ■ 


1 •— k* ain* am v sin* am (u a) 
l-<-‘k’aio’am V ain* am (n 4 *a} 

1 k* ain” am u • sio* am ^ a) 

2 — k* ain* am u . sin’ am (v -f* a) 


REDUCTIONES EXPRESSIONUM Z(iu), © (iu) AD ARGUMENTUM 
REALE. REDUCTIO GENERALIS TERTIAE SPECIEI INTEGRALIUM 
ELLIPTICORUM, IN QUIBUS ARGUMENTA ET AMPLITUDINIS 
ET PARAMETRI IMAGINARIA SUNT. 


56 . 

Revertimur ad Analysiu functionum Z , 9 , quarum insignem usum in theoria no- 
stra antecedentibus comprobavimus. Quaeramus de reductione expressionum Z (iu), 6 (i n) 
ad argumentum reale. Idem primum signis Cl” Legendre usitatis exequemnr , deinde ad 
notationes nostras accommodabimus. 


Novimus in elementis §. 19. pag. 84, .simul locum habere aequationes; 


= F(v) = iF(«,, k-). 


Hinc Iit: 


d <r . a (y) = 


i d (1 k k Ig* i d I/* • ^ (d' , k') 


k') 


coa*i;t 


unde integratione facta; 


V 

.1 r* k'h'ain*^ 5 » ) 

y A(,f).d, =,^.gV-A{V-.k)+y 
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sive : 


I) E(y) = w'j + F(M-. O - E(^. k')J. 

Multiplicando per = A('iy V) integrando eruimus: 




E(M-, k-) 

A(V«. k') 


Kx acijuationc i) sequitur: 

_ F ^ (y)-ET(y.) ^ k', _ {f'E(V-. k') + (E«_F-)F(y.. k'j). 

lam adnulelnr theorema egregiam Cl' Legendre (pag. 6l): 


F* E* (l') + F' (k') E' _ F- F ' (k') = , 

unde : 

r‘E(>f>, k') + (E‘_F')F(|/., k’) = -lI_(F>(k')E(V.. k') - E'(k')F(i/,. k')l + . 

F'(k)‘ . > jF'{k') 

idcoque : 


S) F-(k-)E(^,k’)-E«(k-)F(^.k-) 

iF‘ F‘(k') 


E notatione nostra erat: 

tp = am(iD), = am (u, k*), F(v>) = io, F (t/«, k') = uj 


porro ; 


fF.fv)-E'Ffv) „„ F'(k-)E(.S k')-E*(k')F(.;fr, k') 

— — — — — — 4» u u , k; j ' ■ ' — — "a " ' s= z (u , k ) , 

F* F‘(k') ' 


^F(<», k') 
*F‘F'CI’J 


unde aequatio 3) ita repraesentatur: 

4) i Z p u , k) = — Ig ain (u , k) ^ am (u , k'J + Z (u , k') . 

Hinc pro((jt integrando: 

“ n 

J' ^duZfiU, k) = logco»am(u, k') + + C Z{u. k')du, 

0 . 'L - 
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sire cum sit ^ d u Z (u) = log 


(») 


( 0 ) 


6(0. k) 


4KK' 


, ,, ©(u.k') 

cOf am (u . k ) - -■■■ ■ ■ ■■ . . 

^ e ( 0 . k') 


Formulae 4), 6) functiones Z(iu), ©(iu) ad argumentum reale revocant. 


57 . 


Mutetur in 6) n in u + 2K', prodit; 

w(o + *K')* 

©Oo + StK'; 4KK' 

= — e COI an 


0 ( 0 ) 

sive posito n loco in: 

1) ©(u-l-liK') = —a 


0 ( 0 , k') 


w(K'-)-u) 

K 0(iB) 
00 ' 


rClC — iu) 


0 ( 0 ). 


Ponatur in 6) u -f- K'.loco u: cura sit 

k»iaam(u, k*) 


coBam(o 4 ‘K*. k*) ^ — 
0 (o + K', k') = 


^am(u, k') 
^ am (u , k') 


prodit: 


/T , 

w(o + KV 


.0(o.k'), V, §. 58. 9) 


0(iu + iK') 4KK’ /V. .... 0(0, k') 

= — a V k iioamCu, k) 4r~ 

o(*o+K') 


♦K /V ... 0P") 

= _a /T.gan(»,k)-^.^. 

unde posito rursus n loco i u : 

ir(K'— l!u) 

4K 

S) 0 (tt ^ I R*) 3 I e y k sin am (a) 0 (u) • 


*) Fit enim 0(a^9K, k) 3 0(u)i idcoqne etiam 0(u-^tir, k') = 0(u, k'}. 

X 2 
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Sumlis logarithmis et differendando, ex l), 2) prodit: 

S) Z(u+*iK-) = Z(u) 

, j 

4) Z (u + iK') = + colgim(o) Aim (n) + Z (u). , • 

Posito u =3 0 , ex l) - 4 ) fit : 

.rK' 

l0f*iK')=— e 0(0). 0fiK')=O 

5) 1 

|Z(*iK')= 0 S Z(iK)=oo. 

Formulae l), 2 ) egregiam ioTeuiunt coufirmatioDem e natura producti infiniti, in i^uod 
functionem O evoMmus: 

(l — 2qcoiS*4"*l’) (1 — 2 q’^»li + q*) (1 — #q‘co5lt+q**) ... 

{(l-q^d-q^Hl-q*) ...r " 

t(l — — q»€«i'0(t— q»e«>») ■ .| | (1 — q t~» l»)(l — q’." »>») (1 — q« ■ i») . -| 

(U-<i)(i-q*)(t-q‘) •••) 

i w K* i 

Ubi enim mutatur x in x -t quo facto abit e‘* in qe*, abit productum 

1(1 — q«* <*)(! — q'e*‘*)(l — q>*>‘*) . . . J ( (1— q e“ * ‘*) (t _q>«- >>*) (1 — q» .. .) 

in hoc ; 



^((l_q*»i>‘)(l_q>,>i*)(l_q««*‘*) . . . | J (1 -q«" * **) (t -q'»’* ‘*) (« - q‘«“ * '*) • ‘ I- 

q e" '* 

unde : 



Mutato vero x in x -4- , abit e'* in V^e'*, unde productum 

|{l_qe»i*)(l— q’€*>*)(l — q‘«*'«) .. . J ( (1 — q e“ * ' *)(1 — q* t' • **) (I — q»*-» '*) ...| 
in hoc: 

(i_«-*i*) ((l — q’«*>>t)(I_q**«i*) . . .)((!— q>t->'*)(l — «pe-*!*) . . . } = 

- j — . S«nx (1 — Sq'cof Sz-f-q*) (1 — Sq'coiti + q") {I — q*cos2 «-f*q'’) ... * 
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At dedimus §. 56 formulam: 

V 

5K.I limCt — iq*coiti-t-S*)(l — >T*co»8» + h *) . . . 

w (1— SqcojZ«-f-<]’)(l — 2q'costl4-q’)(l— 2q>casS<-(-<]'°) • • ■ 

uode ridemus, fore: 

. r-r ■ *K* i 

IV k »n »m 0 I I 

ir V ir / , ■ ' • 


8j + =. 


Formulae 7), 8) autem posito = u cum formulis l), 2} conveniunt. 
E formula 9) §. SS : 


0(u + K) = - ^?1^ .0(u;. 




posito iu loco u, sequitur: 


0(iii-f.K) = 


^ im (u , V) 

s/Tr co>»(u, V) 


. 0 (i u) . 


unde e 5) §. 66: 
0f.u+K) 


WU U 

1 4kF 


axn (a , k') . 


®(0> /V 

sire e formula allegata 9) $. 65 : ' 

iruu 

0(in + K) _y''r^4KK' 0{a + K’, k") 


®(u. O 
a (0. k') * 


9) 


0 ( 0 ) V k' e(o, k’) 

Hinc sumendo logarithmos et differcntiando oblinemus: 

10) iZfi«-t-K) = + Z(o+K'. k'). 


58 . 


Formularum §§. 66. 67 inventarum &cilis fit applicatio ad Aualysin functionum 
n casil^us, quibus Argumenta sive Amplitudinis sire Parametri sire utriusque imagi- 
naria snnt. 

Demonstremus primum, expressionem n(n, a-t-iK’) revocari posse ad n(u, a), 
unde patet, posito n = — k’ sin’ ama, integralia 


« 
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* (T * 

|t + orin>ja(y) / |l + ^.mV|^(V> 


alteram ab altero pendere ; tjnod est insigne theorema a Cl. Legcndre prolatam Cnp. XV. 
Invenimus : 

, ' t . 0(»— u+lK'; 

n(u, .+iK) = »Z(. + .K) + — , 


Fit antem e 2), 4) §.67: 


«(»— ti + iK') 


»am(i — u) ©{»—«) 


e(. + u + iK') 


Moam(a*^u) 0(a^u) 


u Z (>-+-; K') = ■ + uZ(a) , 

tru 


UD<1e, terminis »e dcstruentilms: 


1 . ••aam.(a~u) 

1 ) n{a, . + iK') = n(u, .) + acolg.m. A.m. + — log-j— 


Ponamns in hac formula ia loco a, fit: 

^i^am(a, k') 

cote amria)^am(ia) sst • . , ■ ; — “T^ 

® ' ' «in am (a. k; cotam(a« k) 

fin>mC>> — ») i^iroB — co^ «m (1 ^ »m Q Ig »m u 


lamfia-t-n) Aam u-t-cotg am fia) Aam pa) Igamu 


sive posito brevitatis gratia 

^am (a, 


aia am (a • k') coi am (a . k ) 


7— = V«. 


fit: 

lio am (ia— n) _ ^amii + i /'iilgamn 
linainfia + u) “ am o — i Ig anni ’ 

unde l) abit in 

^ n(u,ia + iK') -n(u.ia) ^ 


«Tatgam* 
A amo 


i|uae cum formula F) a Cl. Legendre exhibita convenit. 
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59 . 


Alias fomiula.s, pro reductione Argumenti imaginarii ad reale fondamentales , ob- 
tinemus e 9), lO) §. 67. Quarum primum oLserro hanc, qua Argnmeota et Amplitudinis 
et Porametri imaginaria ad Argumenta realia revocantur: 

1) ri(iu, ia-pK) = n(u, a-t-K'. k% 

a * . • • % 

. • “ • • rr. 

quae hunc in medum demonstratur. Fit enim: 

npu, ia + K) = iuZf.a + K) + ■ 


* “ «(ia + iu-pK) ■ 


porro e 10) §. 67: 


iuZf.a-pK) = + UZ(.-PK’, k'). 


e 9) §. 67 : 

efia— ia + K) 


e(o, k) 


,Qa-piu + K) _ /r 

0(0, k) V k' * 


ir(a — u)’ '■ 

4KK' 0fa — u + K', k") 


»(0. k') 


4KK' 0(a-pn-pK'. k*) 
0(0. k") 


unde: 


0(i» — iu-p K) _ ^ KR' 0(a — u-px', k") 


0f.. + iu-pK) 
ideoque, terminis 


IKK' 


VMS 
" SJKK' 


0(. + u-pK', k') • 

' * 

r se- destruentibus, 

1 . 0(a— u-pX', k') 


ncu. i, 4 .K) ,z(sq.ic. = n(». .^x', k-). , 

quod demonstrandum erat. albnim mu! .. '.i 

. . .• V 

. ■ . . ^ ?van i.., ui'iln .(Ii 

Mutato in 1) a in — la, prodit; ' ' , 

.‘.i-pui ,a;U. - r* ri- 

*) n(iu, a-px) = — n(o, ia-pK', k'). 

. i <t-p«’x« 4- 0* ■-*+» t* T - " 

Formula l) facile etiam probatur consideratione ipsius iiitegralis , per (]uo<l 
functionem n definivimus: 


U -^0 1 - 

r. , . . coiam a . . «m*Binu a du 

n(u» a) = / I I * ■! (i — ■ , 
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unde ; 

U 

+ . coiimCia-f K) . «in’amCiu) . du 

nCia, ..+N) J l_k-aiD’.n,f,.+K)..in',m(iu) 

0 

Fit enim e formuKs §‘ 19: 

, . , V k”) A*m(a+K'. k') 

tin am pa+K) = »in eoam (ia) s= ^ 

* - « I j 

cosam(ia-f*K.} — coicoam(ia) — j- — coscoamCs, k') = — — co« ain (a <4- K\ li') 

Ck am (ia«f>K) = Acoatn(ia) s k'rincoam(at k') s k'siQam(a4'k’> k'), 

unde; 

i k k sio am (i a + K) coi am (i a + K) A am (i a + K) = 

— k'k' sinam (a<4-K'i V) cosam (a-)-K', k') ^am (a^-K', k'). 

Porro fit: 

sin’ain(tu) — tg’am(tt, k*} 


l— k*sin*am{ia-^K) aio*am(i«) 1 ^ am (a -f- K', k') fg*am (u» k') 

— iin*am (u, k) — aio*am(n, k) 


cos*am(u, k')§in*am(u, k) 1 -»k'k sln*am (a 4*1^, k') sintam (u» k'^ 


unde: 


k 

/ 


0 

sire: 


n(iQ. ia^K) = 

k'k'sin am (a*4*K'» k') . coi am (a ^ K', k') . ^am {a-f*K'( k') . iin'am (u, k').«lu 
i>— k'k' sintam (a k'} sin’am(u» k') 


n(iu, ia-f-K) = n (u, a+K', fc') , 
quod demonstrandum erat. 

E formulis 9), lo) $. 57 simili modo at(|ue l) comproljare possumus formulam se- 
quentem, quae docet, functiones binas Argumenti imaginarii Parametri, quarum Modnli 
alter alterius Complementum, ad se invicem revocari posse; 

S) in('u, ia-l-K) -t- in(>, iu-t-K, k') = 


-I- uZ k') -f. aZ(u-|-K. k). 


Fit enim; 


tKK' 

in(o, i«+K) — iuZ(i»-(-K) + • 4 ~‘°t-~ Qr*TvX ' ^ 

s 0(ia + K-t*u) 


0(i.4-K — u) 
8(i. + K-Hu) 
B(iu-fK’— a. k') 


in(». iu+K'. k) = iaZr«u4JC, k') + — log.- , K -r • 

t 9(iu>4*K-4 ‘a,k) 
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lam St ; 
a 


»C» + iu)* 


+ — ■) _ 6<i(« + in) + Kt _ /~ k 4KK' e(a-{-in-|-K', k’) 

«TO »P» “V k"' 

Tf(* — iu)’ 

8(ii + K + u) e|i(a— iu) + K) _ /7 *Kk' fl(a — Iq-t-K', k') 

eloTk’) 


B(0) e(0) -}/ k- 

um?e cam sit 0 (u -t- K) = 0 (K — n) : 


9(ia + K_«) KKT efiu+K'+a. k") 

©Cia-t-K + q) “ * e(ia + K'_a, k') ’ 


[II I 
1 n-ii' 


•I 


> . ... 

■ I »1 

Ai i 1. K1» iri.- 'j! 




ideoque 

8(ia + K — q) 8(iq + K' — a , k*) «aq , 

t eO*+K+q) iT t »fiq+R'-f-a, k“) 

Porro fit: 

ioZf.. + K) - + «Z(q + K-, k-) / 


- .1 . t 

«qq , 

+iFfTrkT 

. Ti ruuyiil^i j 


nnde: 

i 

q. d. e. 


)} «1- 

- r:t^*a.« a' i u . 

i*i ir-ija ai;>r>t>i >1 I if’ 

“ ':i .niiiii i;io>>i‘nuj,i .' ■;.« 


i«Zfi«+K'. k-) = + .Z(«+K;k), 


in(«. i.+K) + In(., I.+R'. k') = + qZ(.+K-. k") +‘'.Z(»+K.S)r 

^ ■ i ' ^ filt . t l i]l 


:fci ,m)H Uii*iioilj(IIr* 

■ it ' ' 

Patet e formalis: 


60 . 

r 


^ ' 1 1 


.A^ 


aiaaq>(K-t-iq) = ■4-&coani(a, 1“) 

^ >• 

J ./■ ‘X 

* <11---., -4 


■ioam (u+iK'} 0 


h 1 

I . . 

A y 

A .A, 


k tifitims 


I»- ■« *• '.OOl £1 a*l. I 

Argumentam n, qno<1^ dum sin am a a 0 us<|ne ad t crescit, a 0 ad K transit, ubi 

I — 

sin am u a I usque ad — crescere pergat , imaginarium induere valorem formae 

© - -J ■ q 

K-t-iT, ita ut simul y a 0 u.sqne ad K' crescat; deinde crescente sin am u a — 
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usque ad oo, iuduere u fonuam v-f-iK', ila ut siiuul v a K usque ad 0 decre- 
scat *). 


liiuc videmus, siquidem in tertia spcck lutegralinm Ellipticorum, quae sche- 
mate coutenia est: 


/ 


1I9 




]K>iiatur, uti fecimus, 11 = — k’sin’ama, (juoties sit n negativum 
inter 0 et — kk, jxin i debere n := — k’siu’ama 

kket — 1 , - n = — k’sin’am (ia-|- K) 

1 ■ " n = — k’ sin’ am (a -t- i K') , 


desiguaulc a (|uantilatcm realcm. Porro cum sit — kk sin’ am (ia) =. kk Ig' am (a , k'), 
palet, quoties sit n positivum quodbbet, poni delicre: 


n ss ~ k l( f in* am (i a) . 

Hinc quatuor classes Iiitegralium Ellipticorum tertiae speciei iiacti sumus, quae respoudent 
schematis, quae Argumenta iuduunt 

1) a , 8) i a -f- K , 5) a 4" * K.* » • » » 


quarum tres primae pertinent nd n uegativum , (jiiarta ad positivum. 

At per formulam l) §. 58 videmus, functionem n(u, a-t-iK') reduci ad n(u, a), 
sive classem tertiam, in qua n est inter — 1 et — OO , reduci ad primam, in qua u est 
inter 0 et — kk. Porro e formula ll) §. 55 **), functionem n(u, ia) .semper rc<luci 


*) 'Obtinebitur simul: 

1 ‘ 

1 

00 

• 

■ /'i+v'’ 

’ /r ■ 

k ’ 

u = 0, — — » 
2 

K. K+i|;. 

K-piK’, 

U 

+ iK', iK' 

2 


**) Hacc formula acilicet, poaito ta loco a in sequentem abit: 
n (u . i a -f* K) — n (u , I a) 

" . ■■■ ■ ' » — se +- Arc tg sin am u . sin eoam u} , 


siquidem ponitur ec = 
malio. 


k k 1g am (a . k") 
A am (a » k") 


Quae facile per formulas elrmenlarrs 19 succedit transfor> 
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ad n(u, ia-|-K)i clasnem quarlam, in qua u est positivum ad secundani, in qua 
n est negativum inter — kk et — 1. Unde inm nacli sumus theorema, propotitum 
inttgraU , 


mUe, in quo n negativum e*t inter 0 et — 1, Quod est egregium inventum Cl' Legeudre. 


halient imaginariam qnamlibet: constat, eum casum amplecti expressionem 

^ n(u+iT, »+ib) , 

designantibus n, v, a, b quantitates reales. At e formulis §' 55 videmus, eiiismodi ex- 


Generaliter eniui expressio n (u- 4 -v , a - 4 - b) in expressiones IT (n, a), n(v, b), n(u, b), 
n(v,a)redit, e quibus quatuor propositae prodeunt, siquidem loco v ponis i v, loco n, b 
vero a — K et K-i-ib. Porro e formulis l), 2) §‘ 59 fit: 


unde expressiones l), 2 ) classem primam redeunt n(n, a), expressiones 3), 4) in clas- 
sem secundam' n(u, ia-t-K); id qiiod nobis suppeditat 

T H K O U E M A, 

Iniegrale propositum formae 


*o 

quodciinque sit n et (p, sive reale sive imaginarium , revocari potest ad in- 



J 

0 


quaecunque eit n quantitae realie potitiva eeu negativa, lemper reduci potte ad integrate ei- 


« 


lam vero consideremus casum generalem, (juo et Amplitudo et Parameter formam 


pressionem resiuci ad quatuor hasce: 

1 ) n(a,»), 2 ) n<i»,ib), S) n(u, ib), 4) n{iT,»). 

vel, si placet, ad quatuor hasce: 


1 ) n(a, t — K), 2 ) nfiv. ib+K) 
5) n(u, ib+K), 4) nfiT, »— K). 


nf.T, ib-fK) = n(T, b-j-K'. k') 
nfiT, . — K) = -n(», ii-t-K', k’). 



tegralia similia, in quibus et reale et n reale negativum inter 0 et — 1. 

Y 2 
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E lioc theorema debetur Cl°Legendre, uitti quod'ilIe reales tantum Amplitudinea 
contemplatus sit. 

Formulis 4), 6) §.66 reducitur n(u-4-v, a-+-L)-+-Il(u — v, a — L) ad n(n,a) 
et n(v, J»), n(u-t-v’, a-t-b) — n(u — V, a — b) ad n(u, b) et n(v, a). Hinc jia- 
tet , posito 

n(u-|*i,i-f-ib)4-n(u — iv*a — ib}=L 

n(u-^iT, i-^ib) — n(u— iv, ■ — ib) 

i 

pendere L a functionibns fl (u, a — K), n(iv, ib-f-K), M a functionibus n(u, ib-t-K), 
n(iv, a — K), ideoque redire L Tn classem primam, M in classem secundam. 

Hucc sunt fundamenta theoriae tertiae speciei Integralium Ellipticorum, e princi- 
piis nosds deducta. Alia udra videbuntur. 


FL.NCTIOKES ELLIPTICAE SUNT FUNCTIONES FRACTAE. 

DE FUNCTIONIBUS //, QVAE NUMERATORIS ET DENOMINATORIS 

LOCUM TENENT. 


61 . 

Evolutiones §. S5 e.xhibilae genuinam functionum Ellipticarum nataram declarant, 
videlicet esse eas functiones fractas, ut <juas iam ex elementis novimus, pro innumeris Ar- 
gumenti valoribus inter se diversis et evanescere et in iiiilnitum abire, lam antecedentibus 
nd functionem delati .sumus, quae fractionis, in quam evolvimus ipsum sio am-^ |^ -- = 

t t * ft — Sq*cfu2iq-q*)(l — 2q*cosf sq-q*)(t — 2q*co»2i-f-q**) . . . 

(1 — 4 co* f 1 — t q‘coi + (1 — 2 q* Co»Sx-^q'®) ... * 

deuominatorem constituit, functionem dico 


e<o) 


(1 — 2qcoi2«-Fq’)(l— iq<co»gi-Fq«)(l — rq‘co.2i-P q'T 
Kl-q)(l-q')(l-q‘)ft-q’) . . .J’ 


lam et numeratorem particulari charactere denotemus, atque ponamus: 

' h/ I 

" ' Jt/q'Mni(l — tq’coit<.|.q*/(l — Sq*coitiq-q') (I — {q*cn>tiq-q”} . . . 

»(0) 1(1 - qKl -^Ci - <!') (t-q’)T. .? 
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ent : 


XKi 


' 


Reliquis adrocatis erolulioni]>us §. 85 traditis, invenimus: 


^ am 


»K. /7 \ ^ >*7 > » 

-Vr- 

'("(■-i-)) 


V : 


/T. 




unde posito ——— = u: i 

. « . - /[ 

,, . 1 H{u) /V H(d+K) . r— 

1) „„an.u = _._, co..»» = y = 

Hinc fluunt formulae speciales; 

*) ®(K) = -^! H(K) = y'^iQ(0). 

Posito H'(u) = -IHillL cum sit: 

- ' d U ' k 

H' (a) = co« am u ^ am D 9 (u) tkm rnm u 

pro valoriha^ u=0, « K 'obdacmus : 




> ‘ ' . 


S) ir ( 0 ) = /Ye( 0 ) = — ; 'irdoi.^OlQ = o*)- 

E 2) se<(uitar adhuc: 




4 ) / 7 =^ 

‘ * »(K) ■ ^ ©(K) 




Ceterum fit: 

t 

5) 0(u+*K) = ®(— B) = 0(u) 

6) H(u-ftK) = U(— n) => — B(u)| H(u + 4K) = U(u). 


*) Fit enim Z(K)esO» unde etiam ©*(K) = G(K) Z(K) =n 0. 


flC^ + K) 
«(•) ■ 
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E formula 2) §. 57 : 


0(u+iK) = it 


!>e<iaitur : 


>r(K'— J iu) 

4K j~-r ■ 

y k iin 

,(K'— lia) 


4K 


7) ©(o + iK')==i« "■ »(«)• 

Mutato in hac formula a in u-+-iK', et advocata l) §. 57: 


io) 


8) 0(ii+*iK’) = _ e 


B(o). . 


prodit : 


*io) 

♦K , 

9) H(o + iK) = >e 0(o). 

unde rursus mutato u in u-+-iK, e 7): 
. if{K’ — iu) 


10) HCu + JtK-) =: 


H(o). 


E formulis 7) - 

lO) derivari possunt 

generaliores : 


ru u 

Tr(o-^®miK)’ 


U) 

t 0(u) 

4KK' 

G (a -p 8 m 1 K') ^ 


«uu 

^(o+imiK')’ 


-1*) 

H(«> 

4KK' 

=j(_t)”c S 

H(a-4-8iniK'‘) 


r ua 


+ l)iK)’ 

IS) 

4KK' , 

c H{u) 

4K 

— (_i)>“’ + ‘ t 

0(o-HJio + l)iK') 


?ruu 

w(o-(-(Sni 

+ l)iJt')’ 

14) 

4Kt 

e 0(o) 

4K 

= (_i)«oi**. 

H(u+f*m+l)iK). 


E 12), IS) fil: 

15) l)iK') = 0( H(*miK') = 0. 

Formulae 6), 6) demonstrant, functiones ©(u), H(u) mutato u in U-+-4K, 
fonuulae ll), 12), functiones 


■ 0 (u) , c H (q) 
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mutato u iu u-4-4lK'iumatataa mauere; unde illae cum functionibus EUlipticis alteram l*e- 
» * . 
riodura realem, hae alteram Periodum imaj^iiiarlaui communem habent. 

' I-' ■ , 

K formula 6) §. 56: 


«<iu. Ic) 
<9(0. k) 


4KK' 


cof am (u ) k) 


•. ) 

0 (u , V) 
0( 0 . V) ’ 


se<|uitur: 


vuu 


*•{■“. k) /V. ^ ,, enu, k) . 4Kk . S(». k') 

✓ k..n.o,r.u,k).— ^=.e / 

UD(le e l): - ? ^ 

IS. ^ ll(» + K-. k) ’ , 

^ 0(0. k) V k' ■ 0(0. k’) ■ . . . • - 

iT a u ^ : 

Ufiu. k) . /T' 4KK' II (u. l') 

©(o.-kr'^ V r*‘ + '/ 0(o',V; ' 

E 16) seijuitur, mutato u in iu, ct commutatis k et k': 


f. 


I . 1 

ISI HP- + K, k) _fv 


4 K R' 0 (u , k*) 

' 0(0, k') ’ 


cui adiuugatar 9) §. 57: 


I ' ■ I 


irua 


10. epn+lt. k) _ -f^ ♦IkK' 0(u-fK', k'] 

^ 0(0. k) V k' <9(07?) • 


R formula supra ius-eula 
.setjnilur: 




f*:t - •- 


0(u + ») ©(» — ») 


0’o 0 ’t 
0'O 


0'O 


tO) 0(u + y) 0(0 — V) = 

Qua ducta formula in 

kuaam(u4-v) sioaui (tt — ») — s 

1 — k*am”amu •ih*acnv 

— 0*uirv * ^ 



) S5 ■ . , , ; 1 



tm v) 




'H 

1« : 'f , 



7«.' 

)»" .r-, , 


• 


prwlit : 


fl) H(o4-*)H(o — T) 


0’u ©’. — 11*0 H’y ' 

IPo 0’T — 0*0 UN 
<9’(0) 
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DE EVOLUTIONE FUNCTIONUM H, G SERIES. EVOLUTIO 
TERTIA FUNCTIONUM ELLIPTICARUM. 

62 . 


Evolvamns fanclionen 
/ *Ki \ 


^ ®(0) _ ia-q)(i-q’Ki-q‘) -‘.I’ 

0CT “ ^ l(l_q)(l-q')(l-q') . ..)’ 


in serie» 


*A'^coi8« — ... 


(— ) 

^ - = A — iA’«»Si A"eo»4i — XA"coi6i + 

6 ( 0 ) 

^ / «K. \ 

^ ^ [B^sinx — IC »in8s + *iii5« — B* sin7i 4* • * ■ 


0 ( 0 ) 

Delerminationem ipsarum A, A, A, A,..; B, B,B, B nanciscimur ope 

— »K’ 

awiuationum 7)- 10) §‘ antecedentis, quae posito u = q = e in se<nien- 

tes abeunt : 

~ ’^'* ***(”« — 

Oiiam in finem evolutiones propositas ita exhibemus; 


6 ( 0 ) 


= A - A'e*>« + A'e»'* - A"e«‘* + A”.'** 

_ AV-*'* + - A'"e-*‘«-t- A"".-*'» 
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Motato X in x — ilogq, aliit e”'* in q^e"”*, e"""* m 


,-BlU / *jr . 

T— ; porro e (-—j, 
in 6 ^ -+- 2 i K'j , H -+- 2 i K'j . Hinc nanciscimur : 




©CO) 






0 ( 0 ) 


Aqe*>» 4 - A’q>e*'* — A'q»e*‘* + A''q’e‘'» — 

«t 

A' A” 


,-»l* — j. tt_f 

q' ,* q- q. • 


•IX , 


-#lx _ 


■ - ■ s « q e* ' * • ■' « ■ s - . « 

0(0) ^ 0(0) 

y^|B'e>* — B'q*«»‘* + B'q«eil» _ B”q»e»‘« + . . .| 

l q* q* q* q« J 

(Quibas cum expressionibus propositis comparatis, emimus: 


ideoque 


A' = Aq, A'=A'q’, A” ^ A’q‘, A~ = A"q’ 

B* — B'q’, B" = B-q», B~ =. Br,«, B~" = B~q», . 

A' = Aq . A" == Aq«, A" = Aq*. A"" s Aq** * 

B” = B'q’, H- = Bq*. = Ifq'’, B"" = Kq* 


unde evolutiones quaesitae Aiiiil: 




0 0 ) 


= A(l~2qcoiSx 2q*co«4s — • 2q*co»6x +• Sq**CO«8x — . . 


^ r B^tsini — q^lin Sx -f* q***»in 5x — q*‘*4in7x + q*’*»in9x — . . J 


0 ( 0 ) 


q sio K — *V^ flinSx + *y> sio 5* — sin7i -f> . .J* 

Evolutiones inventas alteram ex altem derivare licuisset ope formulae; 

i«(— ) = 
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lureiita ciiini varie: 

/ *K< \ 

. ®(— ) 


I . l;t 


»[ 0 ) 

niutanilo X 'in X — ilogv'^, quo facta e’ 'e"’®** aljeuiit in q^e'”’*, ,m • ^("r’) 

I *' ^ 1 *'*^ 

in e i K'J, et multiplicando per Vq e’*, oLtineinus: 


= AH— + q* + + • ■!■ 


y ^ ^ L 

—0^5) ''I* ©(0) 




*K* \ I . ' Vi 

H I I / • > ^ ^ ~ .1 • ^ /*w— ^ 

' ^ ' = A(*y^«”> — *yV«» 9 » + — «V + - — I 


0 ( 0 ) 

9 ua insuper Analjsi eruimus: 

B' n A . 
I 


A. — 


- I 

X 


• \\ 


• , — " 

. I V 


g 3 _ ■ ; • 'V ' ' ■ ' 

Determinatio ipsius A artificia particularia poscit. l^onamua, quod ex antece- 
dentibus licet: ■ ■' 

(J_*qco.ti + q’)Cl — + ' ■ ■ ■ ■■ ■■ 

P(qj(l tqcDlti q- Sq'c<»4l — lq*co»6i + *q“ co»8» -f- . . .) 

,ini(t-*q’co.*. + q*)(l-*q*coi*.+q-)(l-*q*coi*»+q”) = ' 

P(q)I«ioi — q' ■•lioSl q- q’ •’«io5i — q>-*»in7« + q*‘* »in9i — . . .1 i 

A - ^ I ■ * f ' 


nt: 


A = 


P(q) 


1 ;•■ 


l(i-q)(i-q')(t-q‘)---l’ 

Kxpre.ssio secunda immutata manet , ubi ducitur in primam , et post factum productum po- 
nitur (|’ loco q. Hinc obtinemus ae<iuationem identicara : 

P(q*)P(q*) (»im — q*»ioSi q- q‘’»io5l — q**»in7. q- . . .j X . 

1 1 — lq’eo>Si q- Sq'coi4« — *q”coi6i q. . = 

P(q) |smi — q’ «inSi q- q* «in 5» — q>’ »in 7 1 q- . . .}. ^ 
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Ipsam iam iosliluamas mnltiplicationem , ita ut ubique loco'^2siu.mxcos.nx aon- 
batiur sin (m -4- n) X -+- sin (m — n) x : facile patet, (/Oefficientem ipsius sin x in pro- 
ducto eroluto fore: 

1 + + + . s ■ 

• • t 

ita ut prodeat: 

P (q) ' ’■ 

= 1 4 . q> J. q> O. q» q*" 4 . , 

PCqOPtq’) T^q 

At invenimus e secunda fomuilarum propositarum, posito x 

((i+q*)(t+q*)(i+q*) •••P = ,P(q)ti.+ q’ + q", + - ■ 

unde: -v ^ 


^ ^'*^ ** = Kt+q*) (i+q*)(t+q‘) . . .)*, 

P(q!)P(qO'v 


‘ i ■ 


-^ = (i+q’)<i+q‘)<i + q‘)-.. • ■ ‘ 

+ - _ ti-.q*)(t-q*m-q '*X--4- - - 

Hinc e methodo iam saepias adhibita *) sequitur: 

1 


I -h 

• , (1 • -.I.: i'i i i-| o’ , II 

• I' . r . 

, J 1 . . -t 1 \ I J r • r-'‘ 


P(q) 


(!-,•) (l-qS)(l-q^(l-q*).. 


4- I 




Hinc tandem provenit: 


1 


•' V ‘ ■ I 


(l _,•)(! _q‘)(l_q*) . .ni^itU-T^y-q-Ht^q*) ... 1. 


(t+q)(t+q*)(i+q»)(i+q*) ••• 

(l-q)(l-q')(l-q>Hl-q«) ... 


•. « i -T'.,* 1 -t-‘ *■( + 


sive ex 


.f. j.il u. : .1« Uju , v ♦ IJ.t- *>’<l r.ljoi jiioif«'iilqi!liiia • .'Is 

X ns, quhs S6 aeounus , evoTutionilJUs: ' 

, . 4 - ' y X >. 4 “ t - '1 1 » ‘p + * ; i" * 

1 / !k'K 


1 


Quantitatem illam quam 'hacrenii.i ii^etenninatam rdu|BiiiiaK , B(o) puna 


mu.s lam: 


I ; 8k'K 

,®'°> = T= V — • 


V’ A. -h J 

■“ lenninaiam j> 

9ir^tUJi > t ' 

A., I' 4» A 'r ^ ^ .'*A.*{1 -*• '/L'f «» **>. - i 


~~ ^ f ■ . ' J'* 

*) Vtdcliul ponendo tncoeuive q*. q*. q". q** . . loco t H infltluelido mslljpItcjGoneni tnr.«il«ni. 

Z 2 
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iuveuitur : 


i) Lj = I — tqccMti + Jq*eo*4* — 4q"co*6x + Sq'*co«8x — , , . 

t) II ^ ^ tini — f y/~^ tin$T £^/"^»in6i — t . -. 


64 . - ^ 

Aequaliouem ideDticom, (|uam anlecetleutilm» comprobatum ivimus : 

(1 — f qcotti 4* l’)(t — lq’eo«J« + q") (I — Iq’coiZl.4* S”) • ■ • • = 

1 Z q COI Zi Z q* co» 4 * — Z q* co» € i >4* ^ q** 8 » — ... 

(l-q’)(l-q')(l-q‘}{l-q*) 

alia atlhuc via, a praecedente omnino diversa, investi|>are- placet Quam in finem 
tamquam lemmata antemittamus formulas duas sequentes: 

1) (l+q.)(l+q’lHl + q‘.)(l + q’») ... = 

1+ .?• . + ^ + 3::^: + ili! + . 

^ l-q> ^ (l_q»)(l_q*) ^ (l_q>)(l_,.;(l_q«) ^ (l _q*)a_q*) (I -q‘) (l _q-) 


1 


i + 


(1— qi) (1— q’l)(l— q'«)(l— q*l) , 
1 » •• j q* 


l_q l_qt ■ (l_,)CJ_q-) (l_q.)Cl-q’l) 

q* »' 


-+ ■' 

+ 


(l-q)[l-q>)(l_q>) (1 _ qc)(l_q>l) (1 - q> i) 

Ad demonstrationem prioris observo, expressionem 

(l+q«)(l+q'l)(I + q'l)(l + q’rt ... 

posito q’s loco z et multiplicatione facta [ler ( 1-i-qz), immutatam manere; unde posito: 

(t + qi)(I + q'»)(t + q*.) ... = 1 + Vl + A" .* + A” . 

eruitur: 

1 + A’. + A”.’ + A-.’ + . . . = CH-qi)(l + A'q>l + A"q‘«’ + A“ q* »’ + ■••) . 

ideocjue , facta evolutione : 

A' = q + q’A'. A" = q‘A' + q*A". A" = q‘A" + q*A‘" 

sive : 


A' = 


l_q* 


A" = A-" = 


1-qS 


l_q« 
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.. _ <1 i- _ H* , 3l 

X-q> * 

uculi propoailum est. 

Ad demouslrallouem formulae 2) observo, expressionem ' 

.1 

posito qz loco z et multiplicatione facta per immutatam manere; unde posito : 

1 


obtinemus 

1 ^ 

1 


^ ‘ + 

A"*> 

l_q« 

(l-q.)(l-q>l) 

A* . 

A"i’ 

t-q. ’ 

+ "i! 

(l — q«)(l_q»E) 

. .A + /. 


q*.) 

\”q’t’ 


(q-hVq). (q»V + q»A")s» (q» A" + q» A") »■ 

1 — qi (1— qt)(l— q*i) (t — q i) (1 — q*»)(l — q> «) 

Hinc fluit: 

A’ = q + A’q, A" = q' A' + q'A”. A" = q* A" q' A"', .... 
ideoqne : 


1 A” — ^ A'*' B T ~ 

l_q 1 — q* l_q> 


• . .1 

V • + 1 ■ -r 


^ A». q» q* 

^ ~ (l-q)(t-q*) ’ ^ “ (l_q)(l_q-)(l_q-) 


sicuti propositum est. 

t qi I 1 I t’* 

•) SutMUtuendo Kiliut in luqralU Icminu r*»p. = 1 + . •; ;T“ * T" , _ 

f * i.qt i— q* *““q * * q * 


1 q’ft 

i + . . «t. 

1 — q>» 1— q’« 
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lam furnieiuua proiluctum : 

{(l+q.)(t + ,'.)(l+,‘.) . . .} {(> +,-^)(l h 4)(‘ + -f) • • •{ 


1 J. '> 


q* -4- 

q* 


» » T 

d-q')(i-q') 

d-q*)d-q‘)d-q') 

1 

1 j. ■> 

1 . 

q* 't 

q" 


— •+" 
% 

d-qOd-q') 

d-q«)d-q*){l_q*) 


('oefEcicntem ipsius z“ sive etiam quem ponemus B'"’, eruimus sequentem : B'"‘ = 


(l-q*)(t-q*),.. d-q»") 

q’" q‘ 


q*" 


q 

l-q* ■ l-q»»** <l_q’)(l-q«) ‘ (1 _q* « * •) d - S' " ■* *) 




d-q')d-q')d-q*) ■ d-q'“**)d-q’“*‘)d-q*"*‘) 

At e formula 2), posito q’ loco q ct 2 = q’", expressionem, <piae uncis inclusa conspi- 
citur, invenimus = ^ 


(t_q.n + «)d — q*°**)d— q’”^*)lt — q*"*') 


unde 


B'“> = 


(l-q’)d-q‘)d-q")d-q*), , 

idcoque : 

|d+q*)d + q'*)d + q**) • .} {(t + - 7 )(‘ + -riO + 't) •• •( * 

I + q(« + -|-) + ff*’ + ^) + ’*(*’ + Tt) + • • • 

d-q’) d-q^X-t-q-ld-q*) • ■ ■ • 

sive posito z = e“‘', et mutato q in — q; 

(l — Sq CO»2i + q*) (l — J q’ coiSx — 2q*coiS* -f- q***) . , . = 

1 Sq co«tx 2q* cos4t — tq*co»6!i ^ , —— 

(l-q’KI-q*)(l-q-)(l-q-) • • • 
t 

Ouod demonstrandum erat. ' 
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Ubi ponitur — qz’ loco z atque per \Ti\ i multiplicatur, prodit: 
|-j |(t — — q* »■)(! — q"**) 

+ (■■-•?) 

a-q’)(J-q‘Ki-q*){i-q') 

sive posito z = e‘*: , > 

t « , 

8 sini(l — 2<|* co«2x ■+ q*)(l — 8q*co«Si -f- q'‘)(l — Jq" coiSi q**) . . . = 

»io * — S rin 8 X -f- S sin 5 1 — S ^ q«* sin 7 * -p ... 

(l-q*)(t-q*)(l-q«)(l-q*)... ' 

quae est altera evolutio inveuta. 


65 . 


Evolutione* functionum 


1) ^ = 1 -i— Sq coi2s 4- Sq*cos4s — Sq*cos6x 4* ^q'* cosSs — ... -•* •: 

7) h/ 1 4 ^ q sin*_— 4 )/^^sin9i + 4 q’* sinSi — 4^/*^sin7x «p • • • *' 

' V / s. . • 

spoute ad evolutionem novam functionum Ellipticarum ducunt. Etenim e formulis l) §. 61 , 

ponendo u = , obtinemus : 

” * - ■.. /•: ■ 

4K. I { ir ) , . 

sin am — := ■. ■ , ■ ' ' ' - . 

/X ©f^) / I . a: .. 

8 K • ^ ''«0> -Jl • r 

celaro = y Y ^ ^ 

^iy . •(-r) ’- ^ •- 


4 Ki 




■("(-t)) 


/ SKi \ 

"(— ) 
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unde : 


_ . SK. 1 tY q sin X — ^ 1^/" q** sin 5x •— S X ^ . 

5) sio «in - ^ ^ — 4*1 c*'i8* -f- Jq* cos4i — Iq" cos6x + Jfj** cos8i — . . , 

8K» __ gy^cosi H- c«5« 4y^ q*»coi5x 4- g^/^^cos?» ^ , 

4) cofaim — — Y *C ' 1 — Sq cosSx Jq' cos4x — 4q* cos6s -4- 4q'“ Cos8« — ... 

SKx l -f. 2q cos4i 4* c®*4x + tq* cos 6x -4" 4*1** c®s 8i ^ . 

5) A am — V 1* . I {q cosSx -4* 4q* cos4x — 4q* eo56i -f- 4q*" cos 8 x — ... 

Porro e 2), S) §. 61, cmn positum sit %{ q ) =-^ "T~» «•‘*‘“emus: 

/ ?K /TkK /’*k'K, /ikliK 

ii(K)*y — . 0m = y . H(o; = y — — . 

unde e l), 2): 

6) y^?^ =« I + «q + Sq* +*q* + *q” + *q” + ••• 

7 ) y = **/T + *Vv + + »/q" + *v q" + • ■ • 

8) y^ = 1 _ *,• + *q'“ - *q’' + . . . 

• 9) y ^ ~ ' 

unde etiam: 

s'/7 + + tYY' + iV¥" + tVT' + — 


10) y k = 


l + *q + *q' +*q- + 2q'" + ... 


^ _ 1 - iq + iq* - »q* + iq” - »q'* -f •• 

t» V - , ^ j,. s^. ^ s,.> ^ . 


ti> 


Fit porro, cum sit Z(u) = , n(n, a) = uZ(a) -t- -^log-^^q-^: 


4t{ sin 4x — 8 q* tiu 4 x + 14 q** sin 6 x — 16 q** sin 8i ^ . . 

4 q cos 2 X ^ 4 q* cos4 x — 8q* cos6 x 8 q*" cos8x — , . 


•) Etenhn cum sil 


dH 


dx 


8K dH 
w '* d M 


, diffrreniisU 4) secundum x et ^lito deinde x s; 0 


4K 


,f(0) = v 


, prodit 
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iS) IMJ ^ _«K. 


+ -Liog * - *1 «»«(»- A) + «q«co.4(. — AJ tq«co.6(.- A) + . . 

* I — *qcoi*(«-(-A) + *q* co>4(i^A) — fq* co56(» + A) -j- . 

9nae est evolutio tertin functionum Eilipiicaruni. • • ' 


■ e^. • ’ ■ . ■ 

Ex evolutionibus inventis; 

') Kt-q’)(t — q‘Kl — q*) . -IKl — *qeoi». + q’)(l _ Sqico.tz + q*)(l _ |,iex,,8. 

■■■■ * 

I — 8q C0181 + 8q* eo«4« — fq» cos6< >f 8q'*onf8> — . . 
if*— q'Kt — q*)(l — q") . .Jiinifl — Sq* eo»8i + q»J(I — 8q« coif j -J-q’) . . . ; : . 

sini — q’ sinSt + q* sinSs — q’* »iri7* + q*° sin9i — . 

(juarani postremam, posito loco q, ita quoqne e.xbibere licet: 

*) l(t — q)(l — q’)(l— q’) . .1 tio»{t -r 8qcot8x + q’)(l — 8q’coi8i ^ q»)(l — S^'co«8i + q») . 

. tinx — qiinSx + q>iin5i — q* »in7x q>’ linSs _ q'i >in It i -f- . . . , 

setjuitnr, posito s = 0, x = • ' 

X> <t — qKt— q’)(t — q')(l — q»)-. .. .... 4 

Ct + q)(l + q^(t + q'Kl + q*/. . ~ ~ *q + *q* “ *q* + 8q'*._ . . . 

Cl-q’)(l-q»)a-q*)(l-q») ... ' ' ^ 

(l-qKl-q^Cl— q»)(l_q’) . . .' = ‘ + t + I' + l' + q" + 8" H ^ 

5) Ifl — qKl — q’)(l— q‘Kt^q’) . . .)’ = 1 — Sq + 5q' — 7q» + 9q'» — . .. 

Ponamus iu 2) x = ^, Ctsinx^-Hl/ ainSx = o, sin6x=:— -^/"1, ^iu 7 „ 

= -+-V^T» > P0"0 (1 — q)(i — 2(| cos2x-+-q') = 1— q', nmle 2) in hanc abit 

formulam : ' - ' . 

« * 

u— q’)(l — q*)(l— q^fl— q”) ... = 1 — q> — q* -f q»4.q» _ q» , 

sive; . • 

6) (l_q)(I_q»)(l_q»){l_q«) . ^ 1 -. q _ q< q. q» q» _ q'»'_. 

A a 
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L-uius xcmi Ivrniiuui» generalis est: , ' 

* S n R ^ a 

(-lj«q * . ^ - 

(iomparatis inter se 5), 6) obtinemus: 

7) 41 — q — q’ + q' + q’ — V' 1’ = 1 — Sq + S^' _ ?s‘ +9q" — . . . . 

^ Formulam 4) etiam C'l. Gauss invenit in (.'ommeulatioue ; Summatio Serierum, 
quarundam singularium. Comm.'Gott. Vol. 1. a. 1808 — 1811. (luam ille deduxit e se- 
queute formula memorabili: 

(l-q»)(t-q‘l)a-q‘l)(t-q’t) ■■■ _ 

' (i-q)(i-q’Mi-qT(»-q’) ••• 

1 + <»(»-«) . q‘(i-»Ki-q«) . q*(t-«)(t-qs)(l-q‘«) 

(t-q;(l-q*) (t-qKt-q’)(l-q') 

posilo z=q. Cui addi possunt formulae similes, quarum demonstrationem hoc loco 
omitto : - ‘‘•J’ 


9) -S- 


1_ (t-p»)(l-pq.)(t4-,’,).. 

* (l + qia+q^ni+q’).. 


+4- 


(l — »)(1— qi)(t — q‘t; . . 

(i+q) (i+q’)a+q').. 


i — 


10) 


q(l-0 . q«Tt-0(l-q*x») _ q-(l-0(l-q»0(l-q«x») 

1-q* (l_q>,(l_q.) . jj. Cl-qTtl-q^lti-q*) " 


q (H-x)(i-l-q«)(i+q*«) 
Sx • (l-t-q)(l+q*)(l+q>) .. 


a-x)(l-q.)(t:SV.) .. 


*« (i+qia+qTd+q’) 

q»(l-x«) q»(l-.^(l-q-x’) q-(l -Q (1- q» ,»)(i . 

_3 1-q* (l-q’)(l-q‘) U-rtfflfeeill- 

quarum 9) , posito z = q , praebet : .> 


-q* «*) 


+ T 


(l-q)(l-.|‘)fl_q») ■ ■ 

(H-qKl+q*)<H-q’) . . 


1 — q + q* — q" + ■ 


qcr 


(l-q)(l.-q«)(l-q')(l-q«) ■■ 

a+qlti+qOd-f q*)a-*-q*) . . 


= l-*q + *q*-»q* + . 


quae est formula S). ' * 

Foicmtla 6), quae profundissimae indaginis est, ut quae • Iruectiona funedouum 
Klliplicaruin peudet, iam e longo tempore a Cl. Euler inventa est et luculenter demon- 
strata. De (jua iusigni demonstratione alibi nobis fusius agendum erit. 
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liis 

^/TTpHJ ' r> ' lAf- 

V ^ ^ — gy s l(t— S*J ' * >IV 

tK^ ^ (i— gijC<Mt» + q*)(l — gq'co»g» + »l*) (l — gq*co»gi^H“) . , . ^ 

* — gqco*gi-f-q* 1 — gq*co«gi -f- q* 1 — tq^COttm^q"* * ** 


|(l-s*)(»-i|«)(l-<|»)(t-s>) 




MU 1 (1>— gq’co*2s -~gq*Cu«gi^q*}(l>^g q* cos g««f*q*’) . . . 

l 4q*(A«f-q*JsinE 4q*(l •4*q*)>in > 4q**(l + q")Mit» ^ 

AOE %. 1 — gq*cosg» + 4 * , 1 — g q* co» g X -J- q* 1 — 2q* coxgx 4** 

_ ^ q"(t-qV(l-^) q"(l-q-)O-q-0 _ _ \ 

jini i 1 — tq’coxtx4-q* l — 2q^ eoogx qf 1 — g q*co»gf + q" 

ijuae e uota theoria resolutioois fractioaum composilaruiu in simplices facile obtineutar. 
llinc deducuntur evolutiones s{>eciales: * 


i*) 


tk'K 


1 — 


4 q' 


t +1 


1 +s’ 1+q 


4q* 4q*® 

^ ’ 


1 + q* 


Quilius cuui evolulioniLus expressionum ■ , ~~~ supra exhibitis conipuralis, prodit: 

/V _ ^ 1 ’ + q* _ ^ q’ j. ^ 

1 — q t — s’ 1 — q* 1 — ql • 

«q 


i — 


i — 


t+q 

*q 

»+q 


+ 

♦q* 

4q‘ 


♦q’ 


. 


t+q’ 

t+q’ 


t+q’ 



V 

+ 

♦q’ 

4q* 


4q‘* 




t+q’ 

t+q’ 

T 

t+q‘ 


» 



Simili modo O. Clauten nuper observavit *) , seriem 


_S_ + _3l_ + _JL^ + _3l_ 

l — q ^ 1 — q* ^ t— q* ^ 1 — q» 


CrtIU Jotfmdl oel. Tom. III. pag. 95. 


A a 2 
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lraii>luriiiari (loxse tu liauc: t ...:. .j ■ . r.. 

^ » i 

lutruiuiux su{>ra uvolatioue.s ipsorum — — , eorunu|ue dignilatiim stcundae, 

lertiar, quartae in series. Qnae igitur erolutioars dignitatis secundae, quartae, sex- 
■ s -- . ■ + ■ 

tae , octarne expressionum ' - i : • • -i • - 


tK 


t + *q + *H* + *q* + + .. 


y = * sT 'I + * / q" + s V 'i’‘ + s V q*' + • • 

siqipeditaol 1 unde varia (heoreiiinl,^ Aritliiuelica fluunt. Ita e. g e forniid:i ; 

* 

|l + S, + »qs + *,• + Sq“ + ••)* = 


1 q. sf— 5 — 3l — q- — 'L — q. 

^ (l-q ^ I + q’ ^ l-q‘ ^ 


q. . . 

* ^ ) 




t q. «r<,(p)|qP q. Sq‘P q- SqSP q- 8,'V q. . .j. 

• < \ - 

ulli p numeru.s impar (juililiet, (p) siqpma facturuDi ijisius p, fluit t.iinijunni (ioml- 

f 

larium thnirenia inclytum Fermntianiim , mmieriim uniinupiemi|ii<; esse siiniiiiHiii qua- 
tiinr ipiadratoruiii. 


n A L A E , T T F I S r. X I' R E k t l «I. U E a A L E k t I .S. 


« 


.1 
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CORRIGENDA. 


Lectorem benevolum oratum rolo , ut ante lectionem corrigat ^ quae irrepjerunt metitla graviorii 
sequentia ; 


S. lin. 11. leg. M loco U, His. 
A 


— 7. — 7. loco 


t-k* , A 






B (l-fms)’ 

— 8. loco k’ leg. »*. 

— 8. — 6. loco ^ k . I Irg. ■ X , bii. 

9. U ct V ubique inter se conimulart debent. 

»10. »2. 4. 6. loco — leg. k • 

— 17. — 8. loco b"y leg. b"y*. 

/ IstoTT ?in ♦ I 

—j— ifg- Y — • 

ton— o 

— 18. loco leg. 

t k-* * 


M. _ n. loco l.g, 


k»! — » 

u(«Tri-u’) 


_ 95. — 17. loco leg. + 

— 29. — 5. loco ri» leg. — V*. 

— 7. loco: V loco u, leg.: u loco v. 

— 18, loco Cl — u*0 leg. (1 — 4 u't«). 

u(» + v»)y4-.. ti(u + %^)y — . . 


lia. postr. loco: 
— 31. — 2. loco 


u’(l4-o’ »)• 

d X 


leg. 


U’(l+u*») - 
dqr 


/■nr k* Z' 

_ 35. — 10. 11 loco k l.g. k’. * 

lio. postr. loco profecti leg. perfecti. 

n^t 

— 39, — 16. loco M leg. (— 1) " ^L 

— 47. — la loco (. . . 1’ leg, (. . .p. 


51. — 8. delendum 

^>71'* 


f >: k" 

V 




Xk» 
— 9. delendum 


adticlendum : 
. cos am (u) cos am | 
aducienduu» : 




/ . 4K. / ^8K> / 

(“ + vj '"“l” + T) • • ”• *■"(“ + —7—)- 

, aducie: 

^ am A am ^u + . . A am + 

B l> 


^ am (u) 
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60. 

6S. 

64. 

67. 

76. 

79. 

80. 


88 . 

94. 

98. 


lin. 19. loco ^ l— Icg. ^ l — X’y’ • 

— 6. loco sia* ani u leg. y y« 

— 12. loco earum leg. earumque. 

2 m' i K' 2 m' i K' 


21. loco 




— 17. loco — 192X* leg. +192X«. 


— 4. loco 

a 


— 10. loco 


1 V* 




— 9, loco . 


\ K-V) 

SV , Sk' 

ir ■'«•--ir 

— 12. loco k*k'* leg. 4kU'', loco k’*(l — k')* Icg. 4k'»(l — fc/. 

— 14. loco k*[l — k')’ leg. k*Cl+*‘')‘- 

— 11. loco — q* leg. — 2q*. 

— II. loco k'*»' leg. k'"*^. 

lio. penult. loco oppoiuiut leg. appo$e»ut€. 

8 q I 8q 


104. — 4. loco — • 


105. 

107. 

108. 
111 . 
114. 
117. 


118. 

120 . 

124. 

IS5. 

128. 

131. 


d+q') 

S4 


Icg. — 


d+<0’ 


24 


— I. loco — j^q“ Icg. — ^q'°- 

— • 8. loco formula leg. unde formula, 

— 18. loco euo/a/of, — — /loncwcimwr leg. rvolulae . 

lia. ulf. loco quem leg. quam, 

2K 2F.‘ , 2K 2E‘ 


nanasfuntur . 


— 12, loco — - 


- 

l'R- — S 


— 8. loco 9329 Icg. 9229. 

— 19. loco + 92 k’ Icg. + I3k’. 

— 20. loco n(2n — 2; Icg. U[2 d — 1}. 


lin. ult. loco 


d’. 


I‘g. 


d’sin” ani u 


du> ” du* 

— 8. loco — 2 Icg. — 2k’. 

— 10. loco _92{l + k>) Icg. — 92k’(l+-k’). 

_ 17 loco (— — — ^ 1 /iL _ I 

\ ir 7T tr -ft / ^/* 

— 7, loco sin am (u— t) — leg. sia aiii (u + v) — . 
lia. antep» Tajloriona leg. Tajfloriano. 

— 10. loco — 2 leg. — . 

lin. penalt. loco 2. 4.6. 7 leg. 2. 4.6 ,8. 

— 1, 2, 3 loco (—1)^2"-*, (— 1)«4"“'. (_I)06"“* leg. (— (— I)n-»4> 

(—jjn-igin-., ^ 


^ o « . /«K k»“~> 

7. 8. 9 loco (_] Icg. 


o 
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IMg. 13S. lia. 14. loco l4ug. aiii u leg. i taug. am u . , .* 

— 144. — 7. loco 1 — k* »iii’ am u . >in’ (f Icg. 1 _ k’ .in’ ama. lia’ am u . 

“ 15S. — 7. loco tjuihoi . tranu leg. ifuiAm, transit, 

— 154. — U. loco Z{u) - Z(u + a) leg. Z(u) + Z(a)— Z(u + a). 

— 158. — 10. ia Jeaomiaatore loco I — k’ .. leg. 1 + k’ . . 

— 159. 14. loco — n(u, u + b) leg. — nCu, a-fb). 

— 160. — 15; 8). 3) delendum. 

— 164 . — 10. loco ({l— q)(l_q>)(l— gl) .,} Icg. f(l — q)(l — q>J(l_q') 

— 169. — 10. loco iuZ lega i>Z. 

— 171. — t\. loco clauem leg. in datum. 

— 171. — 3, loco E leg. Et. 

— 6. loco n(u-f-i. a-l-ib) Icg. n(u-f-iT, »4-ib). 

— 17%. — 2. loco «in .im u leg. »ia ani u . 0 u . 

— 176. )in. antep. loco Quam leg. Qufm. 

— 178. 1, loco varie leg. serie. • 

— 180. — 8, loco Quam leg, Qurm. 



% 


fiO£€lO 
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3» un|\rni 53frlagc ift crfc^inifii; 

jlrgdiinbcr, I>r. g. ©. a., Untrrfuitun^rn ubfc bi« SPahn ^C6 jtc§<n 6om<tin Bom 
5Wit 1 Stupfec gr. 4. 1823, ge^. 1 SRt^lr. 

Ciau(i)D, a. ter algobMtftfcff anulofti, aus bfni grombfifcfcrn iibcrfcft Brn G. t. 

J^uslcr. gr. 8. 1828. 2 JKtfjIr. 

HerbArt, C. F., tle «Itenlionis lueoAurA rauKiit|iie ]ir!in»r!i». Fsvclioliigiae princip!» sIaIiVa 
at meclinnica ezemplu illuslrnliiru». 4. 1822. 25 Sgr, o8er 20 gtir. 

— — iibft tjr SRJgliifdt unb SRothnxr.bigfcit, GRoihrinatif tiiif 'pfpcholoait anjuwtnbcn. 8. 
1822. 12| 0gr. cfccr 10 g^r. 


lUoc^flfnS tpirb crfcfjcinfn: 

Tabulae Regiomonlanae reduriionum observationum aslronoinlcarum ab Anno 1750 uMjiie ail 
Annum 1850. Auctore F. W. Besael. 


Cifbr^btt iRcrnttSger 
in .li (nigtbrrg. 
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TARIAE ET SlIPPLEMENTARIAE. (§ 25.) 


) SECUNDA CUM SUPPLKMENTARIA. 
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